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FOREWORD FROM THE EDITORS 


This book is an important contribution to engineering science, 
an exemplary search for the new generalizations and principles 
inherent in actions and interactions of the variables in complex 
engineering systems. The authors keep foremost a system lying in 
the fields of traditional chemical and process engineering. Their 
research is reported in Russian; the senior author, Aleksei Vasi- 
lievich Lykov, is a prominent thermophysicist acclaimed in the 
Soviet Union for his earlier Theory of Drying. It is fitting that this 
translation rendering their work readily accessible to a wider audi¬ 
ence should appear as one of the first in an international series of 
volumes devoted to the chemical and engineeringphysical sciences. 

The text centers round simultaneous heat and mass transfer in 
porous media, a subject vital to sundry fields of important applica¬ 
tion. Moreover the approach, the methods, and to some extent the 
results embodied in it are of sufficient generality to merit the atten¬ 
tion of all who confront basic aspects of coupled transfer and rate 
processes. From the continuum theory of transport phenomena and 
the thermodynamics of irreversible processes come materials for 
the development of general equations. Mathematical techniques 
unsparingly yet economically applied yield solutions of a multitude 
of special cases, many drawn from the recent and sizable literature 
in Russian to which the authors and their colleagues have contributed 
heavily. Not only the convenient arrangement of the solutions but 
also the commendable efforts of the authors to organize, interpret, 
and generalize the re suit sail add toward a finished product immedi¬ 
ately useful in engineering analysis and design. 

All equations, tables, and graphs have been reproduced from the 
Soviet edition. In Russian usage the decimal point is represented by 
a comma; the reader should bear in mind this common source of 
misinterpretation, particularly in using numerical values from the 
tables and graphs. The reader’s indulgence is sought for certain 
phrasing and punctuation that he may find a bit awkward in English. 
These arise because the translation, adhering to the mathematical 
language of the authors, retains the sequence and numbering of 
equations of the original Russian text. 

A phonetic pronunciation guide to the Russian dimensionless 
numbers is included in the nomenclature section. 

The technical review of the translation by Ralph P. Stein, Nuclear 
Development Corporation of America, is gratefully acknowledged. 

L. E. Scriven 


Minneapolis, May 1961 



FROM THE 
SOVIET PUBLISHER 


This monograph is devoted to the analytic 
theory of heat and mass transfer phenomena. 
A system of differential equations for heat 
and mass transfer is derived using the ther¬ 
modynamics of irreversible processes as a 
basis. Methods of finite inte gr al transforma¬ 
tions are used to obtain, solutions for simple 
bodies such as plates, cylinders and spheres, 
with boundary conditions of the second and 
third kinds. The solutions may be used for 
calculations of thermal diffusion processes in 
gaseous mixtures and solutions, and of dry¬ 
ing, gasification, combustion, etc. 

This book will be found to be of interest 
by a wide circle of engineers and technical 
workers and can also serve as a textbook for 
students of power and thermal engineering at 
institutions of higher learning. 
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Preface 


The solutions of problems in the transfer of energy, mass and 
electricity are of considerable importance to the many practical 
processes which involve such transfer. Such transfer in solid bodies 
can be usually described by simple linear relationships. For 
example, heat transfer by conduction can be expressed by the linear 
Fourier equation: the heat flux is directly proportional to the tem¬ 
perature gradient. The transfer of electricity in metals takes place 
in accordance with Ohm’s law: the flow of electricity is directly 
proportional to the electrical potential gradient. Molecular mass 
transfer can be described by the law of diffusion: the flow of mass 
is directly proportional to the concentration gradient, etc. 

These linear relationships have been used as a basis for the 
derivation of differential equations for the conduction of heat, elec¬ 
tricity and diffusion. The solution of these differential equations 
with given initial and boundary conditions, which describe the initial 
state of the body and the interaction of the body’s surfaces with the 
surrounding medium, presents certain difficulties. Since the end of 
the 18th century numerous methods for the solution of differential 
equations of heat conduction, electricity conduction and diffusion 
have been developeji. j 

As a result of the development of improved experimental methods 
it has been established that these transfer phenomena are inter¬ 
related. For example, diffusion in a gaseous mixture produces a 
temperature gradient and heat transfer takes place (the Dufour 
effect). Conversely, heat transfer by conduction in a gaseous mixture 
will produce mass transfer (thermal diffusion, or the Soret effect). 
Similar interrelationships exist in the transfer of heat and elec¬ 
tricity. Thus, many times the prime assumptions which are used 
as the basis for the derivation of the corresponding differential 
equations, are obtained from an application of the thermodynamics 
of irreversible processes. 

Instead of the separate, independent linear equations for the 
transfer of heat, electricity and mass, the Onsager system of coupled 
linear equations is used as the basic assumption for the solution of 
transfer problems. In the Onsager system, all forms of transfer 
are determined by a direct effect and other imposed transfer phe¬ 
nomena. The linear Onsager equations lead to a system of reciprocal 
relationships among the individual differential equations for the 
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transfer of heat, electricity and mass. Consequently, an important 
problem is to develop methods of solving these systems of differen¬ 
tial equations. This appears to be much more complicated in com¬ 
parison with the problem of developing a mathematical theory of 
simple diffusion. 

This monograph is devoted to the development of an analytical 
theory of heat and mass transfer, one of the most important aspects 
of the thermodynamics of irreversible processes. 

As far as is known, there are no analogous works in the litera¬ 
ture. This monograph was based on the original work of the authors. 

The first part of the book deals with the thermodynamics of 
transfer phenomena and with the derivation of a system of differen¬ 
tial equations for simultaneous heat and mass transfer in porous 
bodies. 

The second part deals with the solution of the system of differen¬ 
tial equations of heat and mass transfer with various boundary 
conditions. These solutions may be applied to the selection of opti¬ 
mal regimes of process kinetics. They can also be used to determine 
the distribution of transfer potentials in bodies of known configura¬ 
tion. The interaction between the potentials (e.g. non-stationary 
fields of temperature and transfer potentials of bound matter (bound 
moisture in the case of drying, and similarly in other cases)) is 
taken into account in the solutions presented in this book. The solu¬ 
tions of the problems are also accompanied by analyses, to clarify 
their physical significance, and as far as possible, are illustrated 
by diagrams and tables. The theory of similarity is widely employed 
and thus most of the solutions are given in dimensionless form. The 
various relationships and dependencies among the dimensionless 
numbers are established. 

It is widely known that the engineer encounters great difficulty 
in the solution of problems using the methods of mathematical 
physics. One chapter, therefore, deals with the solution of actual 
problems with the omission of mathematical rigor. For this purpose 
several of the most simple problems in heat and mass transfer 
theory are investigated and described in detail to familiarize the 
engineer with the calculation techniques. 

The last chapter is devoted to the solution of a number of prob¬ 
lems where mass transfer takes place under the influence of several 
thermodynamic forces, such as, for example, the action of a pres¬ 
sure gradient. These cases of molecular-mass transfer of bound 
matter are of great practical interest for the solution of engineering 
problems involving diffusional processes in porous bodies. 

The hook contains a large number of original tables of basic 
solutions and parametric coefficients. Therefore, the book will be 
of general interest as well as specific interest for physicists and 
power engineers. As a result of the detailed and systematic presen¬ 
tation, the book can be used by research engineers who will be able 
to apply successfully the analytical methods for the solution of 
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important problems of modern engineering. 

Further development of the theory of transfer phenomena based 
on the thermodynamics of irreversible processes and its wide prac¬ 
tical application in industry will contribute to the perfection of the 
technology of socialistic production. 

The authors understand that this book, as any first attempt of 
this kind, contains a number of deficiencies. Therefore, all con¬ 
structive suggestions by the reader, directed to improve further 
this book will be greatly appreciated. 
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CHAPTER I 


Basic Laws 

and Differential Equations 
of Molecular Transfer 


Previous works of the authors have shown that all phenomena 
involving molecular transfer of heat, mass, and energy of ordered 
motion can be analytically described by the following law: the flux, 
which describes the rate of transfer of the corresponding entity, is 
directly proportional to the gradient of the volumetric concentration 
of this entity. The coefficient of proportionality (e.g. coefficient of 
energy conductivity) is equal to the coefficient of molecular diffusion. 
It is on the basis of this law that the corresponding differential 
transfer equations are derived (equations for the conductivity of 
heat, diffusion and motion of a viscous liquid). 

These basic linear relationships, however, apply only to transfer 
processes of low intensity. In cases of high intensity the transfer 
phenomena should be evaluated in terms of reciprocal relationships. 
This means that heat transfer is influenced by transfer of mass and 
of energy of ordered motion. Therefore, the basic initial assump¬ 
tions, on which the corresponding differential equations were based, 
have to be reviewed at the present time. For such basic changes in 
the analytical description of molecular transfer processes, a strict 
scientific method of investigation of transfer phenomena, and their 
interrelationships, is required. 

Dutch and Belgian physicists (Onsager, Prigogine, de Groot) have 
developed a theory which is now known as the thermodynamics of 
irreversible processes. A special feature of this theory is the 
description of transfer phenomena of any entity on the basis of 
entropy transfer, which uniquely characterizes the complex recipro¬ 
cal relationships of molecular transfer. 

The differential equation for entropy transfer differs from the 
differential equation for energy transfer in that it contains an 
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entropy source term, which results from the production of entropy 
in irreversible processes. The source of entropy is a function of the 
coordinates and of time. Therefore, the solution of differential 
equations such as those for heat conduction with variable sources 
and sinks, is of basic interest for the development of an analytic 
theory of the thermodynamics of irreversible processes. 

In addition, the basic relationship of thermodynamic transfer 
theory (i.e. that the product of absolute temperature and rate of 
change of volumetric concentration of entropy is equal to the sum 
of the products of the various fluxes and their transfer driving 
forces) serves as the basic relationship in the determination of 
heat transfer potentials, mass transfer potentials and momentum 
transfer potentials in laminar fluid flow. 


1. TRANSFER POTENTIALS 

First of all, let us consider transfer potentials. 

The following relationship is the basic axiom of the theory of 
potentials: when in thermodynamic equilibrium the potentials of a 
system of bodies, or the potentials in the various parts of the body, 
are equal: 


n 1= =n 2 . (l.i) 

The transfer of an entity (heat, electricity, mass) takes place in the 
direction from the larger to the smaller potential: IIj > II 2 . 

The potential gradient is called a thermodynamic driving force: 
for example, the electrical potential gradient which is equal to the 
intensity of an electric field. 

The quantitative measure of transfer of energy, dE, is equal to 
the product of the potential and the change of a generalized coordi¬ 
nate, dk, i.e., the transfer potential should satisfy the following 
relationship: 


dE = IldK. (1.2) 

Let us cite a few examples. During expansion of gas, when there is 
an increase in the volume, dV, the expansion work against the 
forces of the outside pressure, p, equals: 


dW = pdV. (1.3) 

Consequently, the volume (K = V) is the generalized coordinate for 
the performance of mechanical work. The pressure (n = p) will be 
the potential in this case. 

The work of charging a conductor, dW, with an electrical poten¬ 
tial v(S = <p) in an electrostatic field is equal to the product of the 
potential <p and the increase of the electric charge dq: 
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0.4) 

The magnitude of the electrical charge (K = q) is in this case the 
generalized coordinate. In heat transfer processes the quantity of 
transferred heat dQ equals the product of temperature T (transfer 
potential of energy in the form of heat) and the increase in entropy 
dS (the generalized coordinate in this case is entropy): 


dQ = TdS. (1.5) 

During transport of energy by means of mass transfer, the general 
coordinates are the mass of the matter, v, measured in mols; and 
the transfer potential is a suitably selected chemical potential, p-, 
which in turn depends on the conditions of thermal and mechanical 
interaction of the system with the surrounding medium. 

Let us dwell on this problem in more detail. 

The Gibbs equation may be used to describe the first law of 
thermodynamics for open systems (systems where mass transfer 
takes place): 


dQ = TdS = dE + pdV - JJt* d v * , (1-6) 

k 

where the subscript k denotes the number of the component taking 
part in mass exchange. 

For a system where mechanical and thermal interaction with the 
surrounding medium takes place, there are four possible cases of 
interaction*: 

a) Isochoric-isentropic interaction, V = const ,S =const, (dV = 0; 
dS = 0) t whence we get for the mass transfer potential the following 
expression: 


P* = 



(1.7) 


b) Isobaric-isentropic interaction, p= const, S= const (pdV = 
dpV\ dS = 0). Let us denote the enthalpy of the system by H(H = £+ 
pV ), then from equation (1.6) we get: 



(1.8) 


*It is assumed that all v*, with the exception of one, are constant. 
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c) Isochoric-isothermal interaction, V = const, T = const 
(dV = 0; TdS = dTS). In this case we get, 



(1.9) 


where F is the free energy, F = E — TS\ 

d) Isobaric-isothermal interaction, p= const, 7= const 
( pdV=*dpV\ TdS = dTS). Let us denote the free enthalpy by® , i.e. 


Q**H-TS = E + pV-TS, 


then from equation (1.6) we get 



( 1 . 10 ) 


Consequently, the mass transfer potential is afunctionof the condi¬ 
tions of thermal and mechanical interaction of the system with the 
surrounding medium; this potential is equal to the derivative of a 
corresponding characteristic function related to the mass: 

( 1 . 11 ) 

<3v 


In the first case the characteristic function is the internal energy 
(^ == E) r in the second case — enthalpy (ty — H) etc. 


2. DIFFERENTIAL EQUATIONS 
FOR ENERGY, ENTHALPY AND MASS TRANSFER 

In cases where the internal energy, E, volume of the system, V, 
with total mass, M, are calculated on the basis of unit mass (spe¬ 
cific internal energy and volume) then the first law of thermodynam¬ 
ics applies to both a closed and an open system, i.e. 


dq = de + pdv , 


( 2 . 1 ) 


V E 

where v - -is the specific volume, and e==■— is the specific 

M M 

energy. For values of Q, E, V, related to the total mass of an open 
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system the above equation assumes the following form: 


dQ = dE -f- pdV — hdM, 
where h is the specific enthalpy, 

h~ e -\-pv, 


( 2 . 2 ) 


(2.3) 


dQ is the heat given to the system (cfQ =>Mctq). 

Let us denote the fluxes of heat, mass, energy and enthalpy by 
jqi j m > je> and //,, respectively, that is 


dQ 9 ^ dM < . dE t . ^ dH 
Adz n Adz Adz ’ Adz 


(2.4) 


where A is the area of an isopotential surface, i.e. a surface pos¬ 
sessing the same transfer potential. For an isochoric process 
(V = constant) the fluxes of he at and mass transfer can be expressed 
on the basis of equation (2.2): 


Je — iq + hjm 


(2.5) 


For an isobaric process (p = const) from equation (2.2) we get 


Jh=jq + hJrn- ( 2 . 6 ) 

The differential equation for energy transfer in a system with 
constant volume is the Umov equation for energy motion. It follows 
from the law of conservation of energy that the change of energy in 
a certain volume V, surrounded by a closed surface A, takes place 
as a result of transfer of energy through this surface, i.e. 

psr"- \i (iJ - dA ’ < 2 - 7 > 

( V) 

where E v is the volumetric concentration of energy, z' is the time, 
and the subscript n denotes a normal to the isopotential surface. 

Using the Ostrogradsky-Gauss transformation equation (2.7) 
yields the following differential equation for energy transfer: 
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dE v 




( 2 . 8 ) 


where V 
quently, 


• denotes the symbol of divergence, i.e.,V* =div. Conse- 
the local rate of change of the volumetric concentration of 


energy 


j s directly proportional to the divergence of the vector 
dx 


flux of ] e . 

The flux of energy, j e is equal to the product 
density of energy, E v , and the linear velocity of the 
fer w\ i.e.: 


of the volumetric 
molecular trans- 


j e =E v w: 


(2.9) 


For moving media, equation (2.8) is rewritten in the following form: 

( 2 - 10 ) 

dx 

where — is the substantial derivative, 
dx 

A- as ——f- w grad = —f w 'V , 

dx dx dx 

w is the velocity of the macroscopic motion of the medium. 

For an isobaric process, instead of the differential equation for 
energy transfer, we have an equation for enthalpy transfer: 


dHy 

dx 


V jhi 


( 2 . 11 ) 


where H v is 


the volumetric 


concentration of 


enthalpy 


(h v - 



The diff erential mass transfer equation for the componentk can 
be written on the basis of the following assumption. In a certain 
volume, bounded by a control surface, the change of the volumetric 
concentration of the k-component of matter (»*) takes place as a 
result of transfer and action of a source (or sink) of the k-component 
of matter. Then on the basis of the law of conservation of mass and 
again using the Ostrogradskiy-Gauss transformation the differential 
equation for mass transfer is obtained: 
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do*. 

~JT = “ v- j mk — 2 w kr , 

r 


( 2 . 12 ) 


where ] mk is the flux of mass of the k-component, and W kr is the 
strength of the sink of the mass, related to the transition of the mat¬ 
ter from the k-component to the r-component (occurrence of phase 
and chemical transformations). 

The following equalities are applicable here on the basis of the 
law of conservation of mass: 

^r + ^ = 0; W kr = -~W rk . (2.13) 

Summing up the system of equations (2.12) with respect to k, up 
to k = N, we get the differential equation for transfer of the entire 
mass of the system: 


0 . 

= (2.14) 

k -1 

where o> is the volumetric concentration of mass in the system. 

N 

— 2 S (2 - 15) 

fc-i 

Chemical or phase transformations within the described volume do 
not change the entire mass of the system, i.e. 

2S^ = 0 - (2.1(3) 

k r 

Consequently, the change of the total mass content of the system 
can take place only as a result of mass transfer. 


3. HEAT AND MASS TRANSFER EQUATIONS 
IN DISPERSED SYSTEMS 
DURING PHASE TRANSFORMATION 

Let us examine the transfer of heat and of bound matter in a 
dispersing medium within which phase transformations may occur. 

The dispersing medium, e.g. a porous body, contains bound mat¬ 
ter in the vapor state (subscript 1), liquid state (subscript 2) and 
solid state (subscript 3) — a three-phase system of bound matter. 
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The subscript 0 denotes the dispersing medium itself without the 
bound matter, e.g., the skeleton of a porous body. 

The volumetric concentration of o> of the bound mass is equal to 
the product of the specific mass concentration and density of the 
medium ^ 0 , Le* 


3 



k~l 


Local change of the bound mass in any phase may occur as a result 
of phase transformation du kr , and as a result of transfer du kf : 


du k =* 


"f* dU-kf. 


(3.2) 


Equation (3.3) reflects the law of conservation of mass during tran¬ 
sition from phase k to phase r, and the reverse: 

du kr => — du rk , (3.3) 

Using differential equations, (2.12) and (2.14), for mass transfer, 
we get: 


r 

du 

^ d'z ~~ ~~ ^ 2 ^”*’ 

jfe-i 


(3.4) 

(3.5) 


where W rk is the specific strength of the source of the hound matter 
of phase k (transformation of mass from phase r to phase k): 


(3.6) 

dz 

The differential equation for heat transfer with isobaric inter¬ 
action of the system with the surroundings may be obtained from 
equation (2.11). The local rate of change of the volumetric concen¬ 
tration of enthalpy, , of the system (the dispersing medium and the 
mass bound in it in three phases) equals the divergence of the flux 
of enthalpy. The latter, from equation (2.6) equals the sum of the 
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heat flux and the product of the specific enthalpy and flux of mass: 


ToAoH-2 To K u k ) = - ■V- lj q + 2 hjA (3.7) 

' A-l ' ' *-l ' 

Let us denote the specific heat capacity at constant pressure 
i.e 







dhp 
dt ’ 


(3.8) 


where £ = T-273 is the temperature in degrees centigrade, and c is 
the total heat capacity: 


3 

C = C Q 4 - ^ C k U k . 

Jfe-i 


(3.9) 


Then, from the equation for enthalpy we get the equation for heat 
transfer: 



A-l r-*l 


(3.10) 


It is of interest to examine the special case of two phases (k= 1.2) 
of the bound mass (vapor and liquid) corresponding to the region of 
positive temperatures on the centigrade scale. In this case the heat 
transfer equation is: 


— pW, 

ch 


(3.11) 


where p is the specific heat of vaporization (p = p 2 i = Pis). equal to 
the difference of enthalpies (p I2 = h x — h^) f and W is a source, or 
sink, of bound mass, (W = W 12 = ~W 2 i).In cases where the trans¬ 
fer of liquid and vapor takes place under the action of capillary and 
hydrodynamic forces (transfer of mass at a linear velocity w k ), an 
additional term must be added to the right-hand side of equation 
(3.11): 


2 

-2 c * t *** v< - 
/£-1 
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-^-^-=-V(/i+/ 2 ). (3.20) 

1 — b di 


In cases where the sublimation (U7 3l =0) and desublimation 
(W n = 0), can be neglected, the heat transfer equation is consider¬ 
ably simplified and assumes the following form: 

Cfo~- = — V7 ? + (Ai — KW n + 

( 3 - 21 > 

fe-i 

The first term on the right-hand side of the above equation de¬ 
scribes heat transfer by conduction. The second term is a source (or 
sink) of heat resulting from condensation of vapor (or vaporization 
of liquid), and the third term is a source of heat, resulting from the 
transformation of water into ice. Finally, the fourth term corre¬ 
sponds to the convective heat transfer by vapor and liquid streams. 
In order to express the system of differential transfer equations in 
a solvable form, it is necessary to express the fluxes of heat and 
matter in terms of thermodynamic driving forces. This can be 
accomplished on the basis of modem concepts about molecular 
energy and mass transfer with the methods of the thermodynamics 
of irreversible processes. 

4. BASIC RELATIONSHIPS OF THE THERMODYNAMICS 
OF IRREVERSIBLE PROCESSES 

Underlying the thermodynamics of irreversible processes are 
two principles: the linear law and the Onsager reciprocal relation¬ 
ships. In accordance with the linear law, the velocity, v, at which 
the system approaches equilibrium, is proportional to the thermo¬ 
dynamic driving force X, which can be expressed in terms of a 
potential gradient (the flux of electricity is proportional to the volt¬ 
age gradient or field intensity, the flow of heat in heat transfer by 
conduction is proportional to the temperature gradient, the diffusion 
flux is proportional to the concentration gradient, etc.). . 

The linear law is a generalization of empirical relationships 
which have been established for a system whose state approaches 
equilibrium. 

Consequently, the linear law is an experimental law and does not 
have a strict theoretical basis. It should be noted, however, that the 
linear law may be derived from the statistical theory of fluctuations, 
if the state of the system is close to equilibrium. 

In the presence of several driving forces, the rate *Vi at which 
the system approaches equilibrium, in accordance with the linear 
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law, can be expressed in the form of the following summation: 

Vi ~ La Xj. (4.1) 

j 

The diagonal terms characterize the direct effect, corresponding 
to the basic driving force, and the cross-terms correspond to the 
influence of the subsequent, induced phenomena. 

Some applications of equation (4.1) have been known for a long 
period of time. However, the general formulation of the linear law 
has been given for the first time in the thermodynamics of irrevers¬ 
ible processes. The thermodynamic driving force is determined 
from a basic relationship of the thermodynamics of irreversible 
processes; the product of the rate of entropy production 5 and 
the absolute temperature is equal to the sum of the products of 
the driving forces and the velocity of approach of the system to 
equilibrium: 


ST=2a>, (4.2) 

i 

Using equation (4.1), we get 

ST-^LuX-.Xj. (4.3) 

i,J 


Since S > 0, the summation inequation (4.3) is actually a posi¬ 
tive quantity. 

Another principle of thermodynamics of irreversible processes 
is the reciprocal relationship 


Uj = Lj it 


(4.4) 


The above states that the cross-kinetic coefficients Lare equal. 

This relationship was demonstrated by Onsager on the basis of 
statistical mechanics. 

The principle of reciprocity results from the property of micro¬ 
scopic reversibility, i.e., under conditions of equilibrium the aver¬ 
age rates of any molecular process are equal in all directions. 

The above considerations were used for the derivation of the 
formal theory of the rate of irreversible processes; this theory has 
been successfully applied to transfer phenomena and to chemical 
reaction kinetics. The basic transfer equation is the differential 
equation for entropy change which is different from the Umov 
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differential equation of energy change by having an additional term 
expressing the positive entropy source (entropy producting in irre¬ 
versible processes). Because the laws of classical thermodynamics 
can. be based on and derived by means of the methods of statistical 
mechanics, some researchers tend to consider classical thermo¬ 
dynamics a part of statistical mechanics. The molecular-kinetic 
theory of he at not only provides an insight into the physical nature 
of the basic thermodynamic relationships, but it also augments the 
conclusions and results of classical thermodynamics. The success¬ 
ful combination of these two methods permits more profound and 
detailed study of a number of physical and physico-chemical phe¬ 
nomena. 


5. THE SYSTEM OF ONSAGER LINEAR EQUATIONS 

The fluxes are denoted by I (the quantity of substance transferred 
during a unit of time through a unit of area of isopotential surface), 
the thermodynamic driving forces by X and finally the kinetic coef¬ 
ficients by L. Thus the molecular transfer of electrical energy, 
heat and mass in a homogeneous medium can be described by the 
following system of linear equations: 


4 — L u X x -|- t 12 Y 2 -f- L n X 3 
L ^L 2l X 1 -f~ ^22^2”!“ ^23-^3 

4 = ^32^2 *T ^33^3 


(5.1) 


With the above equations the reciprocal relationships of Onsager 
apply: 


f-12 4l J ^-13 4l> 4i — 4* (5*2) 

The thermodynamic driving force for he at flow is the ratio of the 
temperature gradient to the temperature, i.e., 


Xi 



(5.3) 


electricity*^ re ^ a ^ ons ^ L ^ s a PPty to the driving forces for mass and 




(5.4) 
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where p is the chemical potential (the derivative of thermodynamic 
functions during isochoric-isothermal interaction with respect to the 
mass of the transferred matter). 

X 3 = X c = — V<p, (5.5) 

where, <p is the electrical potential. 

A.V. Lykov and A.P. Porkhayev have established that heat and 
mass transfer in a boundary layer are influenced by a hydrodynamic 
driving force during the flow of a heated gas around a moist body. 
In this case it is expedient to consider the phenomenon of internal 
friction or viscosity as a process of molecular transfer of momen¬ 
tum. Usually the viscosity of a liquid, or gas, is considered as 
representative of the transfer of a certain amount of momentum. 
In this case, Newton’s Law of viscous motion cannot be compared 
with the law of conductivity and diffusion in the system of linear 
Onsager equations, because the driving forces of heat, mass and 
momentum transfer represent tensors of different rank. On the 
basis of the Curie theorem, certain driving forces can be included 
in the Onsager system. These forces represent tensors of equal 
rank, or ranks differing by an even number. This condition is not 
satisfied by driving forces of heat and momentum. However, if 
viscosity is associated with the molecular transfer of the kinetic 
energy of ordered motion, then contradictions of the Curie theorem 
no longer exist, because the driving forces for the transfer of heat, 
mass, and the kinetic energy of ordered motion are tensors of one 
and the same rank. 

The driving force of molecular transfer of kinetic energy of 
laminar flow is the gradient of kinetic energy per unit mass of liquid, 
i.e.. 


= -*, = - V ( : tt) 1 (5 - 6) 


where y and ware the density and linear velocity of the fluid flow, 
respectively. 

In this case another equation has to be added to the system of 
linear equations (5.1): 


J 4 = L a X x 4" A + (5.7) 


where / 4 is the flux of kinetic energy of laminar flow, transferred 
as a result of random molecular motion. 
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Equations (5.3) to (5.6) show that the thermodynamic driving 
force of the corresponding form of transfer is directly proportional 
to the potential gradient of this kind of transfer. The minus sign is 
necessary as a result of a basic axiom of transfer: the transfer 
takes place from the higher potential to the lower potential. If we 
denote the transfer potential i by f1 h then we can write 

Xi --/C-jV/ft (5.8) 

The coefficient Ki is a function of the method by which fluxes 
and forces are selected; in this specific case it can be taken to equal 
one. In the thermodynamics of irreversible processes it is shown 
that the reciprocal relationship of Onsager can be applied with any 
method of selection of fluxes and forces; i.e. it is shown that there 
exists an invariance of the symmetry of the matrices, L ik . 

Thus, in the general case, the molecular transfer is described 
by the Onsager system of linear equations: 

I^^LuXi 

i 

I 2 =VL 2i Xi 

i 

/,-E ^3 iXi 

i 

Xi 


Depending on the form of the transfer, the choice of thermody¬ 
namic forces is limited to only a few. 


6. DIFFERENTIAL EQUATION 
OF ENTROPY TRANSFER 

The basic relationship for the selection of thermodynamic forces 
(the product of absolute temperature and the rate production of vol¬ 
umetric concentrations of entropy is equal to the sum of the products 
of the fluxes and the thermodynamic forces is the differential equa¬ 
tion for entropy transfer. 

Four differential equations are necessary to set up the entropy 
balance. 

, differential equation for mass transfer, obtained on the 

basis of the law of mass conservation. 
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Let us denote the concentration of the k-component of the bound 
matter byco. is the mass of the k-component per unit of total 

volume V). The rate of the chemical reaction is denoted by W c (the 
quantity of bound matter, formed as a result of chemical reactions 
in a unit volume during a unit of time). Then we have: 


dco k 
d'z 


V ’ CO* Wk -f- V* W C) 


( 6 . 1 ) 


where w k is the vector velocity of component k, and 

v* is a quantity equal to the stoichiometric number of this 
component multiplied by the molecular weight. The follow¬ 
ing relationship also applies: 


jLJ 

k 


U = 0 . 


( 6 . 2 ) 


Summing up equation (6.1) with respect to all components k, we 
get: 


dco - 

- = — v • 0 ) 70 , 

d'z 


(6.3) 


where <o is the total concentration or the density of the mixture, 
i.e., 




M 

V 


(6.4) 


w is the velocity vector of the center of gravity of the mass M, i.e.. 


w ■■ 


^2 


<0^70. 


(6.5) 


^ Let us denote the substantial derivative with respect to time by 




,i.e., 


A 



(6.6) 
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The flow of component k is determined with relation to the mov¬ 
ing center of gravity of the entire mass: 

h = <» k [w k —w). ( 6 . 7 ) 


From equations (6.5) and (6.7) it can be deduced that 


£ '*= 0- (6-8) 


In this case the differential equation of transfer of the k-com- 
ponent can be written 


dz 


4+v,\^. 


( 6 . 9 ) 


When the weight concentration, or specific mass content, is 
introduced, then 


u = M k 

00 M 


( 6 . 10 ) 


and the differential equation (6.9) will assume the following form: 

dii h 




( 6 . 11 ) 


On the basis of equation (6.6), equation (6.3) may be rewritten as 
do) w 


dz 


— — u>V* 


( 6 . 12 ) 


2. The second differential equation concerns the action of ex¬ 
ternal forces. Let us denote pressure by P, and the external force 
acting on a unit of mass of the k-component by F k . Then, neglecting 
the forces of viscosity, the following differential equation can be 
written: 
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0) 


dw 

dz 


n 


k~\ 


( 6 . 13 ) 


3. The differential equation for energy is: 


-f- fj 

di 


V(/>w + / fl ) f 2 (6.14) 

k - 1 


where E is the internal energy, and 
I q is the heat flux. 

The above equation can be rewritten in a different form. Let us 
introduce the concept of energy per unit volume 


E 


o vol 




2 


w 2 . 


then. 


dE. 


o vol 


dz 


V /* 


(6.15) 


where. 


h = (fovoi -f Pv) m w -f l q , 


(6.16) 


and is the specific volume. 

4. The fourth equation is the Gibbs equation 



dE , D dV 

17 + P ^ 



(6.17) 


expressed in terms of total derivatives with respect to the center of 
gravity of the moving mass. This equation can be applied both to 
closed as well as open systems. 

Let us rewrite the above equations in terms of specific values: 
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where, 



T 


ds 

di 


de , dv 

-L p - 

di di 



(6.18) 


is the specific entropy, and e is the specific energy. 


The mass M is a variable quantity and the following relationship 
applies: 


Ts = e-\-pv- |»* u k . (6.19) 

k 

The average chemical potential is equal to 


V- = H l 1 * H = e - Ts + pa. (6.20) 

k k 

If equation (6.13) is multiplied by w and subtracted from equation 
(6.14) then the kinetic energy of motion of the center of gravity is 
eliminated and an expression for the change of energy is obtained: 


<*>“•= —p V* ® — FJk • ( 6 * 21 ) 

k 

Substituting here equation (6.12), we get 


de dv 

di d t 




k 

Using equations (6,11) to (6.22), equation (6.18) yields 

“ = _ v '+ S + 2 HVU- w c Y IV*. 

k k k 

The above may be written as 


( 6 . 22 ) 


(6.23) 


w _ . i 

“T' ==_ ' v ^+ a ' 
d t 


(6.24) 
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where 

Is ” y, V’k : i/t ^ i (6.25) 

3 = Y ( 1« X ' + S h X k + A U7 C j , (6.26) 

X v = --~\/T; X k=~Fk — T V ^y). 

A = — ]£] p* v A — chemical affinity (6.27) 

k 


Consequently, the local rate of change of entropy is equal to the 
divergence of the flow of entropy, j s plus a source of entropy o, 
resulting from the irreversibility of heat and mass transfer. 

Let us denote the volumetric entropy concentration by S v . 



(6.28) 


Then, using the following relationship 


•T 2 " J T 3L + V" s « w • (^9) 

at dt 

we will get the differential equation for entropy transfer in the fol¬ 
lowing form: 


dS, 

d t 


X-{] s + S v w) +o. 


(6.30) 


7. SYSTEM OF DIFFERENTIAL EQUATIONS 
FOR HEAT AND MASS TRANSFER 
IN POROUS BODIES 

Let us consider in detail the transfer of heat and mass in porous 
bodies with phase transformations. We shall consider the motion of 
liquid and vapor inside a porous body (a 3 = 0). At atmospheric 
pressure the specific mass of vapor in the pores of the body is 
insignificantly small in comparison with the specific mass of the 
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liquid (« 2 > ^i). We shall therefore assume that the total specific 
mass content of the bound matter (moisture) is equal to the specific 
mass content of the liquid. This assumption applies to the method 
of determining the moisture content of a body (drying in a thermostat 
at 105°C to constant weight), by removal of the moisture in liquid 
form. 

The differential transfer equation for the k-phase of the bound 
matter in a porous body, under conditions of absorption or desorp¬ 
tion, assumes the following form: 



The second term of the right-hand side of equation (7.1) must be 
considered as a source, or sink, of the k-phase of bound matter, 
resulting from its transformation from phase i to phase k, or from 
phase k to phase i. 

Using equation (3.3), the differential equation for mass transfer 
of phase k can be rewritten as follows: 


To 


du k 

dz 



du, 

e, —To- 


(7.2) 


The differential equation for heat transfer is obtained from the 
equation for enthalpy transfer. The latter can be formulated on the 
basis of the law of conservation of energy: the local rate of enthalpy 
change in an infinitesimally small volume is equal to the divergence 
of the enthalpy flux: 


To ^ hk u k ^ ~ hkjmk ^» (7.3) 

In cases where the body contains only liquid and vapor, (u 3 = 0), 
then u = rz 2 , because the mass of moist gas at atmospheric pressure 
in pores of the body is insignificantly small in comparison with the 
mass of the liquid (u x < u 2 ). 

The transfer of the bound matter in any state, is determined by 
the action of the mass driving force (the gradient of the potential of 
moisture transfer) and by the thermal driving force (temperature 
gradient) i.e.: 


jmk — V ^ k V t, 


(7.4) 
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where 0* is the transfer potential of the bound matter in the k- 
' phase; 

\ k is the ordinary coefficient of mass transfer of the bound 
t matter, and 

x; is the thermal coefficient of mass transfer of the bound 
matter. 

At isothermal conditions (At = 0) the transfer of the bound matter 
in the form of vapor is determined only by the first term of equation 
(7.4). The potential of the diffusion transfer of vapor is the partial 
pressure of vapor, or the relative concentration of the molecules, 
i.e.: 


-x;j>vv, (7.5) 

where P *=pi+p b is the total pressure; 

p b is the partial pressure of air; and 

v the relative concentration of the molecules equal to the 
ratio of volumetric concentration of vapor molecules («i) 
to the volumetric concentration of the molecules of the 
mixture (n L +n b ), 


n i 

v = --- # 

*i+n b 

Using the equation of state for an ideal gas: 


( 7 . 6 ) 


p = nkT — 


o >RT 

* 

H- 


( 7 . 7 ) 


where ^ is the molecular weight, 
k is the Boltzman constant, 

R is the universal gas constant, and 

to is the volumetric concentration of gas or vapor; formula 
(7.5) is transformed into the usual form of Fick’s diffusion 
law: 


, RT 

Xj — y (o 1 = - D' V <*> 4 , 
!h 


( 7 . 8 ) 


where, D T = 


■ -■ is the diffusion coefficient of the vapor in air. 
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In cases of non-isothermal molecular transfer of vapor it is 
necessary to use formula (7.4). 

An analogous relationship can be written for mass transfer in 
the form of liquid: 


A = — Xi V 0 2 —>*V*. (7.9) 

During isothermal conditions, the transfer of liquid is described 
by 


- X2 v e 2 . 


(7.10) 


At constant temperature the transfer potential of liquid, 0 2 is a 
simple function of the mass concentration in the liquid, u 2 (moisture 
concentration in the body, u). 

The magnitude of the vector V is equal to dOJdti, where n is 
the normal to the isopotential surface. Now we have: 


dO, 

dn 



(7.11) 


The partial derivative of moisture content of the body with re¬ 
spect to the potential of liquid transfer at constant temperature is 
equal to the isothermal mass capacity: 



(7.12) 


The potential gradient 0, is then equal to: 



(7.13) 


Consequently, the liquid transfer can be expressed as: 



A 


(7.14) 
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that is, the flux of liquid is proportional to the gradient of the spe¬ 
cific moisture content (the law of isothermal moisture conductivity). 

Let us multiply and divide the right-hand side of equation (7.14) 
by the density of an absolutely dry body, j 0 : 


h 


- #2 To V u; 



( 7 . 15 ) 


The transfer coefficient, a 2t analogous to the coefficient of 
thermal diffusivity, a, will be called “the mass exchange coefficient 
of potential conductivity;” since the coefficient, a, may be called 
“the heat exchange coefficient of potential conductivity.” 

The law of molecular heat transfer (the Fourier law) can be 
written in an analogous form: 


<7 = -X V 7'=-a To vA; a = —, (7.16) 

c To 


because 



where h is the enthalpy of a moist body, calculated with respect to 
one kilogram of mass of an absolutely dry body (kcal/kg of 
dry body), and 

£ p is the specific heat capacity at constant pressure of a moist 
body, calculated with respect to one kilogram of an abso¬ 
lutely dry body (kcal/ degree -kg of a dry body). 

Thus, 


c = + 


(7.18) 


It should be noted that the express ion for the isothermal moisture 
conductivity applies only under conditions of a continuous moisture- 
content field. In cases where we have a system of separate but 
touching bodies with different specific mass capacities (moisture 
capacities), at the boundaries of contact there will exist step-changes 
in the moisture content. In effect, the transfer of bound matter 
(moisture) through the surfaces of contact can take place from a 
smaller moisture content to a larger, and then the moisture content 
cannot be considered a potential of moisture transfer. 
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During non-isothermal conditions it is necessary to use formula 
(7.4). Moreover, in the general case the transfer potential 6 2 is a 
function of both moisture content and temperature. In this case the 
basic transfer equation for liquid is 


j % — - Xiv8»-^V# = - h 




X7 t— hS7t. 


( 7 . 19 ) 


The q uan tity (—-\ is the temperature coefficient of the potential 
^ “ I dG \ 

of liquid transfer, and ly 2 ) is the reciprocal of the specific 


iso¬ 


thermal mass capacity. 

Let us rewrite formula (7.19) taking into consideration equations 
(7.13) and (7.15): 


h 




vf. 


( 7 . 20 ) 


We can now introduce the thermal gradient coefficient 


V« 

Vt 


Aw 

At' 


ii — o, 


( 7 . 21 ) 


i.e., the thermal gradient coefficient is numerically equal to the 
ratio of the moisture content and temperature gradients in a station¬ 
ary state and in the absence of mass transfer. Then the coefficient 
can be written as 





( 7 . 22 ) 


In cases where the quantity-^?- is small, the thermal gradient 

*2 

coefficient, S 2 > is equal to the temperature coefficient of the liquid 
transfer potential multiplied by the isothermal specific mass 
capacity of the body. 

If, however, the temperature coefficient is small, 
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(7.23) 


then the thermal gradient coefficient 8 2 is equal to the product of 
the Soret coefficient, h S9 and the specific mass capacity: 


K = 





(7.24) 


Consequently, the equation for liquid transfer (7.20) can be 
written as 


it ~ ~ a * To V u — ai 7 0 8 2 V t. (7.25) 

Let us substitute equation (7.25) into equation (7.2): 


(JU * r nil 

To-t^- == V'(«2 To V u + ai&z'vt) +ef 0 —(7.26) 


where e = s sl = e 12 is the phase transformation number for liquid into 
vapor and the reverse. 

The quantity s-f 0 ~ represents a source, or sink, of liquid as 

a result of Vaporization or condensation. The cbefficients a' 2 and 
S 2 are variables; they are functions of temperature and moisture 
content of the body. If the calculations are conducted by zones, into 
which the process of unsteady heat and mass transfer is divided, then 
for every zone the coefficients cj and S 2 can be considered constant. 
In this case equation (7.26) may be ejqjressed in the following form: 


+ (7.27) 

ax dx 


By introducing the equivalent coefficient for liquid transfer 
(coefficient of potential conductivity of transfer of the bound matter): 


a' = 


a'i 

1 -s ’ 


(7.28) 


the differential equation (7.27) for mass transfer assumes the 
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following form: 


— = a'V*u + a'*t \7 2 L (7.29) 

d't 

This relationship applies for e<l. When the phase transforma¬ 
tion n umb er is equal to one there will be no motion of the liquid and 
the change in moisture content will take place only as a result of 
phase transformations. 

In-this case the mass transfer should be considered on the basis 
of relationships describing the motion of vaporized moisture. 

Let us dwell on this problem in a little more detail. 

The differential equation (3.5) has in this case the following form: 


To t 1 = - V- (A +J\) ■ (7.30) 


Let us substitute for j\ and their corresponding expressions 
from equation (7.4). Then, differential equation (7.30) is: 


~~z = V' [ («i + &%) V ti + -f- a' 2 S s ) V - 


(7.31) 


It is assumed here that vectors j x and j 2 are parallel. By intro¬ 
ducing the following notation: 


a = d { 


-j- dp 2 
a [-\-d 2 


(7.32) 


equation (7.31) can be rewritten: 

— = V (a' v u + a'l vt) . 
d'z 


(7.33) 


In this case the transformation number is given by: 


e 


Jx 

7i+72 


(7.34) 


In cases where bound matter is transferred in the vapor form 
(•= I, j, =0), equation (7.31) assumes the following form: 
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du „ , , , , x 

~~ V' ( a i V ^ -j- v 0- 


(7.35) 


It is of interest to compare equations (7.33) and (7.29). We shall 
determine j\ from equation (7.34) and substitute the resulting 
expression into equation (7.30): 


To 


da 


V 



—( 7 u -j- o 2 V t) 

1 — e 


(7.36) 


Assuming that £ is constant, we find that: 



The above equality applies only when u 2 = it, because iu \> u L . 

In the derivation of the differential equation for heat transfer we 
considered that vapor in the pores of the body is in thermal and 
molecular equilibrium with the liquid. The mass transfer takes 
place slowly, and in such a manner that the temperature of the 
liquid is equal to the temperature of the walls of the skeleton of the 
porous body. 

The differential equation for heat transfer is obtained from 
equation (3.11), where the source (sink) of the mass is determined 
by equation (3.15): 


dt 
To 


(XVO + sp 



jfc-i 


(7.38) 


where 


Ho = + Ciih) ft = (c 0 + ^ 2 ) To* (7.39) 

Because the specific mass content of the vapor is insignificant in 
comparison with the mass content of the liquid ( (rq<x« 2 ), then 
u 2 = u. 

Equation (7.38) resembles the Fourier-Kir chhoff equation for 
heat transfer in flowing liquids, to which it reduces when e «= 0; 
and To : =T 2 * 

In equation (7.38), the quantity ^ ci, -p, ic'^77 1 accounts for the 
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convective contribution to heat transfer, by moving liquid and vapor; 

the first term of the right-hand side of this equation [V'O^VO] 

represents the conductive contribution to heat transfer (heat trans¬ 
fer by conduction). 

On 

The quantity epTo ~r—represents the source (sink) of heat, result¬ 
ed 

ing from condensation (vaporization) of the vapor. 

In the heating of moist bodies, or in drying, the heat transfer by 
liquid or vapor motion (the convective contribution) is very small 
in comparison with the heat source of phase transformation, and in 
comparison with the conductive contribution to heat transfer. There¬ 
fore, these terms can be neglected if the Reynolds number for the 
moving vapor or liquid is less than unity, that is, if 

Re = - < 1> (7.40) 

where is dynamic viscosity of the bound matter in motion as vapor 
or liquid, in kg/m-hr; 

3k = T& w k is the molar flux of the bound matter, and 
d a is the equivalent diameter of the porous body, in meters. 

In drying processes the Reynolds number for the moving vapor 
or liquid is usually less than 0.1. 

In view of the above remarks, the equation for heat transfer can 
be reduced to the Fourier equation for heat conduction with a heat 
source or sink resulting from phase transformations, i.e., 

-f-= — V(*V<)+—4r- (7 - 41) 

ax C7 0 c ax 

The system of differential equations of mass and heat transfer 
(7.26) and (7.41) is a non-linear system, because the transfer coef¬ 
ficients are functions of both the moisture content and temperature. 
Calculations of unsteady process of heat and mass transfer can be 
made assuming constant transfer coefficient zones (average values 
can be taken for every zone). A considerably simplified system of 
equations can thus be used and good agreement with experimental 
values are obtained. Consequently, for a zonal system of calculating 
the processes of heat and mass transfer, the system of differential 
equations assumes the following form: 


dt_ 

dz 



dii 
dz 1 


= y 2 u + a'SV 2 *. 

ax 


(7.42) 

(7.43) 
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The differential equation for heat conduction (7.42) can be made 
similar to equation (7.43) if instead of the temperature we introduce 
the enthalpy (specific heat content) of the moist body, i.e., 


dh da 

— =a\J 2 h+e P — 
OX ox 


(7.44) 


Conversely, the differential equation for mass conduction (7.43) 
can be rewritten in a form similar to the equation for heat conduc¬ 
tion (7.42): 


-?-* =a' V 2 6 2 + a' 4 - V 2 *- (7.45) 

Ox c x 


If the potential of liquid transfer 0 2 is written without the sub- 
script 2, and if equation (7.42) is taken into account, then the system 
of differential equations for heat and mass transfer are: 

= a + sp (7.46) 


— = fl'V^ + S/V^, (7.47) 

8 

where 8^ = —-r— is the Soret coefficient for a moist body. 
c T 

For a number of regimes of unsteady heat and mass transfer 
processes the Soret coefficient is an extremely small quantity, and 
the second term of the right-hand side of equation (7.47) can be 
neglected. 



CHAPTER II 


Non-Stationary Fields 
of Heat and Mass Transfer 

Potentials with Boundary 
Conditions of the Third Kind 

Internal heat and mass transfer are described by a system of 
differential transfer equations (Chapter 1) which for uniform bodies 
can be expressed as 


= a , JL - 

dx "[ as* di 


+ ilfi 3Q (^ t ) 

C q dx 


dx 

+ 


d 8 0(S,*) r 

d£ 2 + 5 


, _r 

dt 2 ^ $ d« 


dO(S,t) ' 

dij 



+ 


(I’) 


(IF) 


where 

is the body temperature (heat transfer potential); 
® — the mass transfer potential 
^and c T — the specific heat capacity and mass capacity, re¬ 
spectively; 



a 


m 



thermal diffusion coefficient (coefficient ofpoten- 
tial conductivity of heat transfer); 

coefficient of potential conductivity of mass trans¬ 
fer; 


— mass transfer coefficient; 

8 — Soret coefficient for a moist body; 

P — specific heat of phase transformation; 

I 1 — a shape constant (for an infinite plate, I 1 — 0; for 
a cylinder, T = 1; for a sphere, T= 2); 

; a generalized coordinate selected according to the 
shape of the body (for an infinite plate and rod. 
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t = x, for an infinite cylinder and sphere, £ = r), 
e — phase transformation number. 

The system of differential equations (IMF) can be written in a 
different form, if instead of the mass transfer potential, 0, we intro¬ 
duce the specific mass content (moisture content) of the body, u: 


dtfrx) 
d t 


= CLn 


+ _L 


d? 


dt (S,t) 

dt 


+ 


sp du(S,z) 


du (g, t) __ 
dz ” 

+ ^ * 


dhi{l,z) r dufrx) 


cru i z 

a m —■—; 

m [ d? 


dt 


dz 




arnj _r dt (t,x) 

. dt 2 E <9; 


( 1 ) 


(U) 


The system of equations (I-II) differs from the system of equa¬ 
tions (IMF) only that in-the first case the coefficient o denotes the 
So ret coefficient, and in the second case it denotes the thermal 
gradient coefficient. Furthermore, instead of the ratio of the mass 

capacity to heat capacity the last term of the first equation 

contains instead the reciprocal of the heat capacity. 

Therefore, the solutions obtained for the system of equations 
(I—II) may be utilized for the solution of the system of transfer 


equations (F-IP) by substituting for the ratio 


£l 9 the quantity/ —\ 

c \ c q / 


It should also be noted that 0 has to be substituted for the specific 
moisture content of the body, u. For the convenience of explanation 
we shall consider solutions of the system of equations (I-II) only. 
However, to underscore the close relationship which exists between 


these two sets of equations, the ratio T - is denoted by . Then, by 

Cq C 


substituting 6 for u and the quantity c for c q> we can get solutions 
for the system of equations (IMF). 

Analytical solutions for the system of equations (I-II) for bound¬ 
ary conditions of the first kind and for constant total specific 
moisture content were given by S.P. Kuznetsov and E.I. Sizyakova. 
The solutions for boundary conditions of the second kind with absence 
of thermal gradients resulting from mass transfer ('S = 0), and for 
arbitrary initial conditions were obtained by M.S. Smirnov. The 
complete system of equations for internal heat and mass transfer 
for boundary conditions of the third kind and for the temperature of 
the medium represented by various functions of the time, were 
solved by Yu.A. Mikhaylov. A.V. Lykov solved the same equations 
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for an infinite plate at constant t c . Specific solutions of the incom¬ 
plete system of equations (I-II) were given by F.M. Polonskaya, 
S.P. Kuznetsov, A.V. Lykov, P.D. Lebedev, Yu.A. Mikhaylov and 
M.S. Smirnov. 

The effect of separate dimensionless criteria of similarity on 
heat and mass transfer processes has been investigated by A.V. Ly¬ 
kov, Yu.A. Mikhaylov, P.D. Lebedev and E.I. Sizyakova. On the 
basis of the analytic solutions, S.P. Kuznetsov and E.I. Sizyakova 
have developed rapid methods for the experimental determination 
of heat and mass transfer coefficients. A characteristic of the above 
solutions is that all of them were obtained by means of integral 
transform methods. Analysis and calculations show that the use of 
classical methods does not allow effective separation of the variables 
t and 6. The application of integral transform methods has been 
successfully employed to overcome the above difficulties. 

The solutions cited below are for the system of equations for 
internal heat and mass transfer in classical uniform bodies. 

The most general formulation of boundary conditions of the third 
kind for the system of differential equations (I-II) may be written as: 


— h 




+ *[tc~t(R,T) ] 


— 0 —[8 (/?.*)-y =0, 


dHR, t ) 




= 0, 


(III) 

(IV) 


where a is the heat transfer coefficient, and B is the mass transfer 
coefficient; and 


dt (0,t) _ d 0 (0, t) 
dl d\ 

t(0, x) < CO, 

0(O,T)<CO, 

f(S,0>=/(0; 6(6.0) — «p(6). 


(V) 

(VI) 


Of particular importance are the solutions ofthe sytem of equa¬ 
tionsi (I,II) for general conditions (III) to (VI) with a uniform or 
parabolic initial distribution of heat and mass transfer potentials, 
i* e», 


/(£) — — const, cp (£) = 0 q == const, 
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/ («) = U + ,)> 9 (?) = ~ (e„ — o„). 


For example, the uniform initial distribution of transfer potentials 
can serve as an analogue of heating a moist body, the parabolic 
initial conditions can serve as the analogue of the period when the 
drying rate is falling, etc. 


1. NON-STATIONARY FIELDS 
OF HEAT AND MASS POTENTIALS 
IN A CONSTANT TEMPERATURE MEDIUM 

The general method of solving the complete system of equations 
for internal heat and mass transfer is illustrated by an example of 
finding the potential field of he at and mass transfer for bodies in the 
form of an infinite plate and sphere. The solutions given in this 
chapter have been obtained by means of Laplace transforms. 

a) Infinite Plate 

Constant initial conditions (f = 0, S = x, f (x) = /?„== const, 

9 ( x ) — Go = const) 

Applying the Laplace transform to equations (I-II) we get 


st,, ( X , s)-t Q = af L (x, s) + ~ S 0 L (je, s ) - 0 o , 


S P 

c 


S 'h (X, s) - 0 o = U, n 0■ (X, s) + 3 ^ (x,s). 


( 1 , 1 ) 

( 1 . 2 ) 


The differential equation for the temperature, t,. ( x , s), is found by 
the following method: from equation (1.1) we solve for 0, ( v s ) 
determine its second derivative, 0] (x, s ) and then substitute the 
resulting expressions into equation (1.2). Following simplification 
we get 


IV 

L 


(x, s) 




+ 


+ —— t L (.v, s) - - = 0. 

a q a m a q a m 


(1.3) 


The general integral of inhomogeneous ordinary differential equation 
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(1.3) can be determined using the Laplace transform again, this 
time with respect to The usual operations give 

1 — Vj* ]/~-5- v 2 X 

h (X, s) - + C x e a <i + c % e a * + 

* $ 


+ C, 


jxTULsyK j\TZL^x 

{ e * a <! + C K e y a <1 


(1.4) 


where C k (&= 1 , 2 , 3, 4) are arbitrary constants: 


v 5 = 


1 4 Fe -f • 


Lu 


+ 




Lu 


, (7=1,2). (1.5) 


The conditions of symmetry (V) are 


t' L ( 0 , s ) = 6 ^( 0 , s) =* 0 . 

Whence it follows that C x = C 3 and C 2 = C 4 . 

This means that the solution for temperature, as depicted in 
equation (1.4) can be rewritten as 


t L (x, s) = is- 

5 


4 £iCh 


i / JL v t * 4 5 2 ch 



( 1 . 6 ) 


here, £ x and B 2 are new constants with respect to x. 

The general solution for the transform of the mass transfer 
potential, 6 i(x, s) is obtained by substituting t" L {x> s), found from 
equation ( 1 . 6 ) and t L (x,s) into equation ( 1 . 1 ). We obtain: 


h (x, s) = — H--— B l (1 — vj) chi /jL v x a: 4 

s ep K 


c 

4 - 



sp 


8 * (1 — V D Ch 


(1.7) 
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and B 7 are determined from boundary conditions (III) to (IV), 
which after Laplace transformation assume the following form: 


u; 


t[(R,s) + “[y-k (fl.s) 

-0-«)pP [(/?,«) 

V (R, s ) + \n 3 ^ (/?, S) + P 


^1 = 0, 

s 


Oz (/?,«)-*- 

s 


( 1 . 8 ) 

(1.9) 


From equations (1.6) and (1.7) we find values of t L {R, s), t’ L (R, s), 
q L ( R,s ), and (j' L (R,s) and substitute these into boundary conditions 
(1.8) and (1.9). Then 


8 . 


+ 


- B W t, ’* sh \[ i"‘ K + 
“ +ij r '»"-■!»] ch v / i ,,i? 


B,|Xi / _i v.sh 


+ --*Cp (1 -v|) 




+ 




(1 


- (1 - 8 ) pP 


Vj R + I a + 
V 2 R) + 
9.-6 


J 0 — > 


o, 


( 1 . 10 ) 


+ l ” 5 ]/ 


+ 8 , 


p — (1.vfjch./j-v,/?! + 

s P }/ <2 V 1 


6" 




■f p 


ep 


(l~v2)chj/ + P 


j£n3e.-o. 


( 1 . 11 ) 
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Following simplification of equations (1.10) and (1.11), including 
the formation of certain dimensionless groups, we get a system of 
algebraic equations (1.12) for the determination of B1 and B2: 


BiQi + + (1_ S )_P£- ?i—^=0 

S as 

B 1 P 1 + ^ - 6 ° ~ k = 0 

l S 


where 


Q#-l 1 + (1 - Ch y 



( 1 . 12 ) 


+ 




Pi = (1 - 'j) ch 



+ [(1 - V*) + Pel J- 



( 1 . 13 ) 


(l.H) 


The solution of the system of equations (1.12) yields 


(Wo)P s +—(»«-«,) (fU-KM 

B — ^ 

_______ 


(1.15) 


(^-^o)i , i + ii re 0 -e,)(Q I -K,/ > ,) 

_£___ 

5 (Qa^i QiP2) 




Consequently 


4 (X, s)-k = (t _ t ) j -1- £ Ko (Q, Kifr) ch 
s 1 s (Q 2 Pi — QiP-i) 


P 2 + e Ko(Q, - JjCA) 
5 (Qa^i Qi^s) 


ch 


ViZ 


( 1 . 16 ) 
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On 

J -- r >L(x,S) 


= (0o-0 p ) 


\q, + P* ~ K\Pt 
8 Ko v 

1 s{Q,P x -Q,P,) 



Qi + -^z-Px - KiPi 

_ s Ko _ 

s [Q%P i QiPi) 


X 


AT 

X (1 -i) ch|/ — v a x j - (1.17) 

This is a general solution of the system of differential equations 
in terms of Laplace transforms (I-VI). To obtain the inverse of the 
transform solution we can utilize the general expansion theorem. 
The expansion theorem applies to expressions which can be rep¬ 
resented in the form of a ratio of two generalized polynomials 
<t> 0 (s)APo ( s ) • Here it is assumed that the function <|> 0 (s) possesses 
only simple roots and that the degree of the polynomial in the denom¬ 
inator is larger by one than the degree of the polynomial in the 
numerator. The theorem can also be applied to the ratio of non¬ 
polynomials (non-generalized polynomials) O^s) and ^(s), when 
the latter by means of multiplication or division by s l — (|/| < 1) can 
be reduced to the above form. 

In our case each of the transform solutions can be represented 
as a ratio of two polynomials 


1 

tc-to 


tl o, s) 


to __ »01 ( S ) 

5 J <Po ( S ) 


1 


— — Ql (x,s) 


Oq2 (S) 
4*o («) 


(1.18) 
(1 19) 


The denominators, t|> 0 (s) = s(Q 2 P t - Q L P 2 ) , inequations (1.18) and 
(1.19) are the same, and the polynomials in the numerators are 
equal to the following: 


%i(s) = lPi-\-eKo(Qi - KiPi)) ch 1 f± 

V 

-|P 2 f eKo (Q a -. 


. v«X - 


v i 






v 0 X. 
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The numerator and denominator of equations (1.18) and (1.19) 
are general polynomials with respect to s; therefore, the inversion 
of the Laplace transform can be effected in accordance with the 
usual expansion theorem, that is, 


L~ l 


Mil goiM 

'Ms) J W 0 ) 


+ 


2 


U — \ 


$oi (O 


exp (v) 


(1.18’) 


L" 1 


~ $ 02(S) ' 

. to(s) . 


<3>02 (0 ) 

ti(0) 


I XT' $02 (s B ) 

^ %(s n ) 

n==-1 


exp(s n x). 


(1.19’) 


Here, the symbol L 1 denotes the inverse Laplace transformation. 
We now find the roots of i 0 ( s )> for which we assume that. 


4*o (s) = s(Q t P t - = 0. 


Here we get 

1 ) s = s 0 = 0 (zeroth root) 

2 ) s=s„ (where s n satisifes the equation Q^-QiPt = 0). 
Let us now define more precisely the values of the roots s,,. 

For this purpose we shall use the arguments of the hyperbolic sine 
and cosine in expressions (1,13) and (1.14) in accordance with the 
formulae shz = — isin/z and chz = cos iz. Here we get 


where are the roots of the characteristic equation 


Qm^nl Qttni — 0 , 

Q ny -=[l+(l-vj)/( 1 ] COS Vy (J, n — 
_ 


’ sin V/|L 

Bi„ J ' n 


P nl = (1 — V?)C0S 

~l(l — v ?) + Fe] sin v.|i n- 

Dim 


( 1 . 20 ) 


( 1 . 21 ) 


( 1 . 22 ) 
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In order to obtain the inverse transforms (1.18’) and (1.19’), we 
shall determine the quantities contained in them: 'V (0) ) 

( I’oi(0), ® o .(0), ®oi(s„). Calculation shows 


®«l(0) = ® M (0) = v2 - V f t 

~ KlP/, 2)] cos v x —- 

R 


— \P„i + : Ko(Q«r — KiP „| )J cos v 2 -j, 

<|, «*( s ») = “{(«»«+ Pm - A ’,P n[ ) X 


• ;(1 — vj)c0S v, 


”* IV R--[ 


<?»• + :|(o /V '.^>X 


X (1 -V*) COS v, ji n -~-j, 


where 


to( s J = 2 .H-n 4»#1. 


- V^ nl P„, - (1.23) 


4,x 


1 + -^- + ( 1 -vJ ) Ai 


sinv^.p.,,. 


+ -^~COS. / ,„, 

n — v'-?') -t- pp 

^«/ = (^ — v j)sin vy |i,H-—-jr;-—(sin v y jj <ft 

Dl^ 

"I” v / l A « COS ')] |i„ ). 


( 1 . 24 ) 


( 1 . 25 ) 


We can now substitute the quantities found above into equations 
(1.18’) and (1.19’); as a result, for the unsteady fields of heat and 
mass transfer potentials we get 
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t{x, t) — t 0 __ j __ 2 Sp £ ~~ Pm) w 

L-L ZA\ ^ 


X cos v x ,x„ JL - -^j.vi: eKo ^'n~^i p '») x 
X cos v, Ji.„ — J exp ( - Fo), 


( 1 . 26 ) 


’I, — 6(x, t) 

"i-% 


1-22 

n-\ 


Q:u + ‘ 


; Ko 


Pm ~ Ki R n 


IN % 


•X 


X (1 —V|)C0SV, (i n - 


R 


Qn% H-— P n a “ K\ P„ 

_ eKo _ 

F-n 


X 


X (1 — vJ)cosv l H— exp(-F 2 „Fo). 


( 1 . 27 ) 


Thus, the system of differential equations of internal heat and 
mass transfer (I)-(VI) for an infinite plate with boundary conditions 
of the third kind and a uniform initial distribution of the transfer 
potentials has been solved. In order to utilize the solution we can 
rewrite it in a more convenient form by combining equations (1.5) 
and (1.20) to (1.27): 


COSVjjln- 


r— -HfijLzA- — i Vi lr 

~ C nl COS V 2 [J.„ j exp(— ( 1 * Fo), 


0 = fl Q — 6 (£. j) = , 

h~\ 


00 r 

-s h 

«-i L 


(1 - v2)c0Sv 2 p,„- 


-Qd — v f)cosvj(j, n —-| exp( - ^ Fo). 


( 1 - 28 ) 


(1.29) 


here, v, are coefficients (y = 1; 2) determined by 
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•'-T[( l + Fe +T 7 ) + 

+ (-iy ] /(, + Pe + 1 L)-__±.j. 

C nJ> C* nf are determined by 

r _o Pnj 4" e Ko (Q„j — /Ci P„j) 

^ nJ — z ~ , 

c . _ C n] 0 - 80 ) 

C '“ - 7&> * 

= V x AniPn 2 4“ v 2 BniQni — V 2 k n 2Pn \— V x B /zl Q rt 2 , 

[i + — + (1 — vp /C x slnvy(j,„ -f- 

i v yt*» „„„ 

+ -^- cosv^„, 

B nj = (1 — vj) Sin Vy (A n -f 
, (1 — V/ 2 ) + Fe 

Bi^-( sin + v #« cos v yM- 

Qn/ = [1 -f- (1 — V^) /(,] COS Vy — 
v /( A n , 

Jl * n ’ 

Pnj = (1 — V^) COS Vy |i„ — 

_[(1._ V 2) +Fe]^-sinvy| 1 „. 

Bl m 

I 1 " the roots of the characteristic equation: 

Qn2 Pn\ — Qnl Pni- ( 1 . 20 ) 

The values of the characteristic roots, [>■„, can be obtained by a 
graphical method. For this purpose we can rewrite equation (1.20) 
in a somewhat different form: 

M ___ 

N Bi/ (1.31) 
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where M = P 1 cos v 2 [x —- P 2 cos v A jx, 

A/= [ (1 - v») 1=1 Lu Bi m - v, sin v,;,j P t - 

- - [i 1 “ v l) 1 Lu Bi m v.sinv^Jp,. 

If the left part of equation (1.31) is denoted by , and the 

right part by y = —[x, then the point of intersection of curves 

with the straight line, y, on the graph of [j-x, <p^] will yield the value 
of roots jx n , at any given combination of the following dimensionless 
factors: Lu, e, Ko, Pri, Bi m , B\ q (Fig. 1). For various values of the 
Bi* number (from 0.10 to infinity) as a function of Lu, Bi m , Fe, and 
e, the characteristic roots are collected and presented in Tables 
1-4. For practical convenience a graphical representation of jx,, for 
the indicated dimensionless numbers is given in Figures 2-9. 



Fig. 1. Method of determining roots of the 
characteristic equation <%) - — 1 r f or an 

Bi^ 

infinite plate. 

Examination of equation (1.31) and Figure 1 shows that we have 
an infinite number of roots whose values increase in the following 
manner: 


< IS < . . . < . . . 
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As a result of this inequality, the infinite series in equations (1.28) 
and (1.29) converge quite rapidly. It may be seen from Table 5 and 
Figure 10 that the percent error introduced by neglecting terms of 
the series after the first two which appear under the summation 
sign diminishes with increasing dimensionless time (F0). 

For a given value of the Fourier number a certain degree of 
accuracy can be achieved with only the first two terms of the entire 
series. The starting values of the Fourier number, beyond which the 
error is less than 1.0 or 0.5%, are presented in Table 6. These 
values can be used for simplified calculations. 

Simplifications are of considerable importance because they 
lead to tremendous reduction in the volume of computation and to 
the possibility of presenting general solutions in a form convenient 
for practical applications. The starting values of the Fourier num¬ 
bers for simplified calculations change as the values of the parame¬ 
ters, included in the solution, change. 

Analysis of the calculations shows that the largest influence on 
the simplification (on the magnitude of the starting Fo) is indicated 
by values of the Lu numbers. As Lu increases the magnitude of the 
starting Fodecreases. The influence of other dimensionless numbers 
upon the simplification is considerably smaller. Table 6 shows that 
the starting values of Fo as a function of Bl (/ , increase with increas¬ 
ing Bi^ for local values of temperature and decreases for average 
values of temperature. This influence of the Biot number has an 
especially significant effect on the dimensionless heat potential. 
Analogously, the starting Fo value for the dimensionless mass 
potential is especially dependent on the B i m number. Generally 
speaking, the value of the starting Fo is lower for heat transfer 
than for mass transfer. 

It can therefore be concluded that the dimensionless transfer 
potentials in an infinite plate are functions of the dimensionless 
coordinate, time, and of the following parameters: Lu, Bi (/ , Bl m , 
e, Ko and Pn, i.e.: 

r = T(x/jR, Fo, Lu, Bi, ? , Bi m , e, Ko, Pn), 

H«H(.r//? f Fo, Lu, Bi„, 8i m , e, Ko, Pn), 


because 


Q — MLu, b L’ e > Ko, Pn )> 

= <M Lu > Bi </’ Bi w , Ko, Pn) 

The numerical values of the first two coefficients C nl and Chj 
as a function of the dimensionless numbers cited are given in Tables 
7 to 12, and for the simplification of calculations are given in 
Figures 11 to 16. 



Non-Statlonaiy Fields, Boundary Conditions of 3rd Kind 


§ I 


o 

CN 

I] 

£ 

II 

£3 

£ 

o 

II 

£ 

il 

3 

-J 

£ 

t-* 

£ 

O 

II 

— 

3 

£ 


£ 

to 

■ o' 

-— 

1 

£ 

-J 

— 


£ 


£ 


l 

co 

— _ 

o 

If 

:£ 

*3 

x_^ 

£ 


£ 

to 

O 

£ 



►a 

£ 


81111 i S ! § i i § g s g i 

■— --—■—-rJELg ° ° p o o o' o' o' o“ 


MiMimum 

Tiilii iTsilgJI 

-Z -P ° O O O Q‘ o" o' c T cf o o o“ 

2 eo § § g 3 5 $ S &! 2S S fe a 


C'O co cq oq co co xr tt 


k) !? to o « 

| 3 §sss 

° o o o o* cT 

g ~ to o> ro N 

« w* »q 53 8 §> 

^ CN (N C S CN csf 

5> ^ o co ~u 

q § 8 ! § S 


o , o O o o' 

' 5* b» CN co CN 

£5 ^ Tf" Tf LO 

^ ^ ^ t-0 iO 

^ <N CN of CN 

£> CN o 00 P^. 

2 *“* CN CN 


b CO lO N 
CN iO O- tO 

b-. b- i>- cc 

OOP o' 

t W O 
lO CO f— O 
q iq io to 
CN CN CN CN 

br CO 00 O) 
tO CO CD CD 
r-* rM CN 


. g g 8 <q 3 S § £ g K S 

- ° _° _° ° o o o cf o' o' 

£- S' 3 3 S. S 8. % 8 3 B 

-- g ^ CO 00 CQ CO CO 03 03 CO 

°^^^ioSm l0N0 0 01 

CO 00 rn I* I- t ^ ^ *0 <© 

- -- P0COo0c ^COCO00CV3 CO 

HwUS^bOoOoOfflOl 

— ~~ ^ ^ N Cf CN~ CN CN CN 

^Soc^goJS^OoOOtO 

§ § 5 *-”“«SSg 2 

- P—° ° g> o o cT o ' o' o' —T 
SSsoiSS^^^OtO 

Illg gf jlll s- 

^ ®'onsn?oi2S$£! 

° o' o' o' o' o' ^ 3 -- 5. °- 


o" o' o' 


§SB§§§8lgg3 
-SLP o- o g- g- g £ s- s- 


S ‘ § o* | 1 | | |S§g = = on 

° o o o cf o' *—r ,—r 


e> 

5 



Table 1, continued 


Non-Stationary Fields, Boundary Conditions of 3rd Kind 


47 





Table 2. Roots of the characteristic equation $ ^ as a function 
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pq K =l 


(N « Tf 

— CM CO 
cn oi oi 


ro CM f- 

O CN CO 

'sD CO CO 

o' o' o' 


CO 00 00 

03 O -< 

00 o o 

o' o' o' 


t— co co 

O — 0O 

to CO CO 

o o o 


o co to 

uO CO t-. 

oo CO oo 


to co CO 
o' o" o' 


oo oo oo 
o" o' o' 


LO CO co 
o' o' o' 


co co co 

to to to 

CO CO co 


<O CnO >( CM'tf<MtOCOCOO 

’—I CO CO CN CO 03 CM VO CO 

CO CO ^ to to to CO CO CO 

o' o' o' © o" o" o' o" o' o" 


o to o to 
CM CN CO CO 

o' o' © o" 


uO to CO 

o' o' o' 


0,70 0,751 1,65 5 0,354 0,762 0,632 j 0,877 0,643 0,900 0,657 0,941 0,661 0,955 

0,80 0,790 1,657 0,354 0,803 0,643 j 0,906 0,658 0,927 0,676 0,965 0,680 0,975 

0,90 0,826 1,659 0,354 0,839 0,651 j 0,937 0,668 0,954 0,690 0,990 0,694 0,998 

1,0 0,859 1,660 0,354 0,872 0,657 i 0,965 0,676 0,981 0,701 1,014 0,706 1,020 
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* For Bi m = 10, see Table 1 



Table 3. Roots of the characteristic equation (**) = —. uas a function 
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Table 5 


Fo 

% of error 

1 - 

-T 

1- 

-0 

xjR = 0 

xjR = 1 

o 

11 

xjR = 1 

0,1 

11,30 

40,16 

18,05 

137,37 

0,2 

6,62 

20,53 

18,72 

71,46 

0,3 

4,20 

12,74 

9,23 

40,05 

0,4 

3,21 

8,48 

6,00 

23,48 

0,5 

2,26 

5,75 

3,85 

14,15 

0,6 

1,59 

3,91 

2,47 

8,68 

0,7 

1,10 

2,65 

1,58 

5,37 

0,8 

0,76 

1,79 

1,01 

3,35 

0,9 

0,52 

1,20 

0,64 

2,10 

1,0 

0,35 

0,80 

0,41 

1,32 



Fig. 2. Characteristic roots as a function of Lu 
for an infinite plate ( Bi , - o,i -r 2 , 0 ). 






Table 6. Values of starting Fo for simplified calculations of heat and mass transfer. 
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In order to study the processes of internal heat and mass transfer 
it is convenient to know the average temperature and mass potential. 
Also, the local and average velocity and their rate of change ought 
to be known. For example, the average temperature allows the 
calculation of the total heat transferred for the heating of a unit 
volume according to the following equation: 


A Q = c To KW-41 


Knowledge of the functional forms of the average and local rates 
makes it possible to obtain the most important characteristics of a 
number of processes (for drying, for example, the temperature and 
drying rate curves). 



Fig. 3. Characteristic roots as a function 
of Lu for an infinite plate (Bi? = H- 20). 


The average values of transfer potentials in an infinite plate can 
be obtained from the following formulas: 
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R 

/ ( t ) = -L j t (.v, -) dx, B (t) 

u 


R 

1 0 (.v, t) dx. 

0 


If the appropriate expressions from equations (1.28) and (1.29) are 
substituted for t (x, -) and 0 (.v, -) , then, after integrating, the fol¬ 
lowing expression is obtained for the average values of dimension¬ 
less temperatures and mass potentials: 


{ B) - 
K ■ to 

= 1 - Yj A,exp(- |i*Fo), 

It 1 

(1.36) 

% - 8(t) 

■ - 1 - ^ D„ exp (— i^Fo), 

n > 1 

(1.37) 


where 


— D n ■> D n i, 

Dn — Dill — Dn2 

1 


(1.38 

n _ sin V, 

U ni— Will 

n _ sin v i P n 

u n2 — 

c n2 , 




V 1 Pn 


(1.39) 


r\ ; __ sin v 2 |a„ . iv m 

u n i — (1 V*) C„| 

, o;; 2 = sinv ^ 

(1.*?)< 




'<> 1*71 Vj (X rt 


The calculated values of the coefficients D n and Dl and their graph¬ 
ical representations as functions of dimensionless numbers Lu, 
B\ g , Bl m , e and Pn, are presented in Tables 7-12 and in Figures 
11-16. 

The dimensionless rates of change of temperature and mass of 
the bound matter (local and average) can be obtained by differentia¬ 
tion of equations (1.28), (1.29), (1.36) and (1.37) with respect to 
dimensionless time, thus: 


4~=V (C„ 2 oos W'X/R 

" C n I cos v, |J.„ x/R) ^ exp (- v-l F(>), (1.40) 

-4- = Y>,t>*exp(- I**l-o), (1,U) 

dr o J . 
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Bfy 

Fig. 6. Characteristic roots as a function 
of e for an infinite plate (Bi^ — 0,1 -f.2,0). 



oo 

^ [C*i (1 — v|)cOS V 2 — 


^Fo 


- cs 2 (1 - 

vf)cos v lH . n jc/^] p’exp (--^Fo), 

(1.42) 

dW 

d¥o 

= ^exp(-^Fo). 

(1.43) 



CL x 

Since Fo = , the local and average heating and drying rates 

of a moist plate are inversely proportional to the square of its 
characteristic dimension (half thickness of the plate) and directly 
proportional to the coefficient of thermal diffusivity. 

b) S phere. Uniform Initial Conditions (F — 2, E = r,f (r) = t Q = const, 
cp (r) = 0 o = const). 

Let us introduce the following nomenclature: 


L \rt (r, t)] = j rt (r, t) e~~ sx (r, s) = rt L (/% s), 

o 


(1.44) 






Fig. 7. The characteristic roots as a function 
of s for an infinite plate (Bi„ = i_20). 
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Fig. 8. Characteristic roots as a function of Fe 
for an infinite plate (Bi 4 - o,i—2,0). 


Equation (1-46) can be used to determine u L (r, s) and its second 
derivative u" L (r, s). The expressions found can then be substituted 
into equation (1.47). After transformation using the modified Laplace 
transform of temperature (r, s) we get an inhomogeneous ordinary 
differential equation of the fourth order: 




(_L f ie!i _L\ (r, s) + 

K a <f aj 


+ 


s 2 




Hi (/-, s)' 


art. 


^i/ a m 


0. 


(1.48) 


The general solution of equation (1.48) may be written as: 


Vi (r, s) = Ik + c, e 


i/'Z 

. r a a 





v 2 f 

+ 


C 3 




(1,49) 
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where the C k (k — 1,2,3, 4) — are arbitrary constants and the '</ are 
given by equation (1.5). 

The solution for v-l (r, s) can be found by substituting ii" (r, s) 
and (r s) into equation (1.46). Now we have 


u L (r, s) 





'if 

+ 


+ C> — (1 

ep 



+C, 



Fig. 9.. Characteristic roots as a function of Fe 
for an infinite plate (Bi, = i,n .; 20). 


(1.50) 
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Fig. 10. Error introduced in the determination of 
l-T;l-0; l-f ; 1-6; ——- by neglecting the terms 
of the infinite series beginning with the third term. 


The constants C k are determined by the boundary conditions and 
the conditions of symmetry (III) to (V). The latter, after applying 
the Laplace transformation will be 

t' L (0, s) and 0^(0, s) = 0. 

Because 

r 2 r — f> L and t' L (0, t) < oo, 

dr dr L 


lim 

r~0 


r ? JlhlUlL. 

dr 


=llm 

r- 0 


r d {Li 5 ) 

dr 


— h (r, s) 


= 0 . 


The conditions of symmetryfor the modified temperature can there¬ 
fore be rewritten: 


h ( 0 , s) = 0 . 


( 1 . 51 ) 



. *’ rintuB, Boundary Conditions of 3rd Kind 

e can write an analogue condition .-*• j 

utlon for the modified mass potential: 

"‘(M-O. ° (1.52) 

follows from equations (l.sn am1n .,. r „ _ 

.!« nu-niu. that .■quatlona )'"~ C V 
mplifietl: d (1,51 ' y he som ewhat 


»/ [f, S) ~ £il_ R . fs , 

S 1/ “ v l r + 


i tf,sh 


" (r - sl .v*, sh 


4 /? * « r ; (! ~' v j)sh ]/ ~ v 2 r, 


m n n , t 

r f* f 0 




<jjo w#{ /a- 


dwwt?} iso 



QZ »,♦ 0 « 05 w 

Lu 

Fig, 11. Heat and mass transfer coefficients 
as a function of the Lu number. 
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or 


h (r, s) - 



sh 


1 / — 

+b„ — y—±' — 


(1.55) 




sll 


V* 


v, r 




sh | / — v 2 r 


(1.56) 



Fig. 12. Heat and mass transfer coefficients 
as a function of Biq. 


Here B x «= 26^ and = 26\ are new constants with respect 
to the coordinate and can be determined from boundary conditions 
(III) to (IV) which, after the application of the Laplace transforma¬ 
tion, can be written as 
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-X^(/? f s)+a s) 


- (1 — .) PP [flj (R, s) - 

s 


= 0, 


(1.57) 


X m 6 ’ l (R, s) + l m lf L (R,s) + 


-H 


6jl(«,s) -- t - 
s 


= 0. 


(1.58) 


urn i 



iv v 


170 


\l,IO 


1.60 


W 


(.50 


\ 0,90 


Fig. 13. Heat and mass transfer coefficients 
as a function of Bi m . 


Solutions (1.55) and (1.56) are completed by use of boundary 

Followin S Simplification, the system of 
<3. n or j and B, may be written in the following manner: 




Table 7, Coefficients in the solution of the system of heat 
and mass transfer equations as a function of Lu. 
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Table 9. Coefficients in the solution of the system of heat 
and mass transfer equations as a function of Bi m . 

(Lu = 0,3, c = 0,5, Ko = 1,2, Pn = 0,5, Bi ? = 10) 
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Table 11. Coefficients in the solution of the system of heat 
and mass transfer equations as a function of Pn. 
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Fig. 14. Heat and mass transfer coefficients 
as a function of E . 

We can now determine the coefficients B r . We have 


(4 - *o)P 2 + —(6 0 - 9,) (Q, - K,P 5 ) 
B 1 -- c 


fi 2 = 


s {Q'iP i Qi^z) 

+ — (o 0 —8) (Qi-fCxP;: 


s(Q*Pi - <WV 


(1.59) 
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Fig. 15. Heat and mass transfer as a function of Pn. 


Thus, the Laplace transform solutions for the modified transfer 
potentials (1.53) and (1.54) are: 
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Figo 16, He&t and mass transfer coefficients 
as a function of the Ko number. 




£ Ko _ 

^ s(Q- 2 P; - Qft) 
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u L (r, s) = (0 O _ 0 p ) 


X 



(1.63) 


The numerator and denominator inequations (1.62) and (1.63) are 
not generalized polynomials with respect to s; however, they can be 
reduced to such form by dividing both parts, i.e. 0 A (s) and <j>i($), 

<t>t(s) and ibj(s) by i/ —— Analysis of the cited 

V a a V *q 

equations also shows that inversion of the transform, with the 
exception of the zeroth root (s = 0), can be effected by using the 
usual theorem of division, that is, without the transformation of 
either O^s) or <$> 2 (s) into a generalized polynomial cj> 01 (s) or cp 02 ($) 
and ^i(s) into <j> 0 (s). The roots ^(s) can now be found: 

Ws) = s(®?T- QiP*)=0. 

We have: a) 5 = ,<? 0 = 0 (zeroth root), 

b) s = s nl where s n satisfies the equation: 
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%'P X — QiP, = 0. (1.64) 

Inequation (1.64) we replace the hyperbolic functions by trigonomet¬ 


ric functions and denote i i / ~~~ R by a; then for s n we get the 

V *q 


following expression: 


~ R r 


where can be determined from 


o. 


(1.65) 


Here, 
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( 1 . 6 ?) 


Thus, the inverse of the transforms may be expressed as follows: 
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(1.68) 
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(1.69) 


For the determination of the zeroth term, we convert equation 
(1.68) to represent a ratio of two generalized polynomials. The 
latter are 


«oi (s)= 


(1—vi)+Fe 




(1-Vf) 


Bi m 

(l-v?)+Fe 


"l ,+ ¥1 + 


Bi. 




R 2 +... 


-+■* Ko 


W--I + 


Bl 


+ 


1 - 


Bi 0 


(1—v2)/Ci 


X f Vl+ i 'l **~ 

v 31 1 0 , 


+ * * • 




Non-Stationary Fields, Boundary Conditions of 3rd Kind 


75 


(1 — v f)+Fe 


vf /?»+... I + 


,[„ „ (l-i)+Fe 1 v 
+ (!— v ?)-— x 


x 1 ,,+ ¥^^ r ‘ + '" ) x 


x (” r + ii i ' 44 -- 


iJ_^)±ZL v , ( 1 _(- -1 _L v 2 .. j 4. 
Bl« i 2! a q 2 J 


4- (1—vS) 


0-1)4Fe 


X v 2 + -4- — v*/?*+■•. + 

I 3! a„ ] 


4-8 Ko 


4- 1 


1 4- -V — I* 2 4 ... 

2! a q 


4-d-i)/Cx X 


x ( , ’+4’^ , i + '") 


(l-v|)+-Fe 


2 ! a a 


vl^ 2 +... + 


[ (l-i)4Fe ‘ 

4 - (1 -i)-—- x 


x x 


x,,r+ ^v ! 



Non-St ationary Fields, Boundary Conditions of 3rd Kind 
1 $ 


<i >0 (s)=s 


Bi 0 


+ 


1 + 


1 

Bio 


2! da 


vi /?*+... + 


H-Kx(l-vD 


X 


X 


X ( v 3 -i— v| R*~ + ... 

o! Qo 


X 


(l-v=)4Fe 


Bi- 


+ 


- 1 


(l-V?) 


J_s_ 

2! a„ 

Bl‘ 


? R*+ 
X 


x (’ 1 + ir «•+-))- 


Bio 


2 ! a a 


+ 


Bio 


H-/C, (1—vf) 


X 


x l Vj + IT + ••• }x 




Bi. 


( 1 - 1 ) 


1 s 


(l-D+Fe 

Bi„ 


X 




+ 


l + VT 1 i lf +-| + 


' + 


Now, the zero term of equation (1.68) may be expressed 


lim -ggllfl . =f . 
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For the remaining roots we find 
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where 


P "f" v 2 Qnl ^rt2 ^2 ^n\ An2 v x Q/i2 ^nl » 
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_.[(!_ V 2) + Fe ] sin 

The term for the non-zero roots of equation (1.68) is 
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— C „ 2 R sin v il\,—j ex P C—I^Fo), 

C n/ = 2 , ^/ + eKo(Q„i-K,P„/) (us) 

Thus, the solution of the unsteady heat transfer potential field 
assumes the following form: 
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The method for inverting equation (1.69) is analogous to the 
foregoing: 
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The final solution of differential equations for internal heat and 
mass transfer in a sphere, with boundary conditions of the third 
kind and uniform initial conditions, is obtained by combining equa¬ 
tions (1.65) to (1.67) and (1.70) to (1.76): 
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are the roots of the characteristic equation (1.65) 


Qn2 Pnl — Qnl Pn2 = 0. 


Roots of the characteristic equation, which are necessary for 
heat and mass transfer calculations, can be obtained by a graphical- 
analytical method. As in the case of a plate, we transform equation 
(1.65) by denoting 
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and we obtain 


<3V = 
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_ £ _ 

Bl,-1 


(1.79) 


The roots are determined from the intersection of the curves 
<j>=cj) ix (ij.) and the straight line y == ^ The shape of the 

Dl(j 1 

curves and the method of determining the roots are given in Figure 
17. The values of several first characteristic roots are given in 
Table 13 and also in Figures 18 and 19. 



Fig. 17. Graphical method for the determination 
of roots of the characteristic equation 

<%) = t* * or a sphere. 

The values of p n rapidly increase with increasing values of the 
index n. As a result, the infinite series in equations (1.77) and (1.78) 
converge at a fairly rapid rate, so that a certain value of Fo just 
two terms of the series will be sufficient. The starting values of Fo 
for simplified calculations of heat and mass transfer in a sphere 
are given in Table 6. Comparison of these data with corresponding 
data for an infinite plate shows that the starting Fo values for a 
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Table 13. 


Roots of the characteristic equation $Qj.)= 





for a sphere (Lu=0,3, KoPn^0,6, e-0,5, Bi m =iO) 
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1,5 

1,389 

1,917 

4,401 

5,088 

2,0 

1,408 

1,969 

4,402 

5,093 

3,0 

1,431 

2,058 

4,404 

5,100 

4,0 

1,447 

2,126 

4,406 

5,110 

5,0 

1,455 

2,191 

4,408 

5,115 

6,0 

1,460 

2,247 

4,410 

5,121 

7,0 

1,464 

2,295 

4,411 

5,127 

8,0 

1,467 

2,337 

4,412 

5,133 

9,0 

1,469 

2,370 

4,413 

5,141 

10 

1,471 

2,405 

4,415 

5,149 

15 

1,475 

2,526 

4,423 

5,186 

20 

1,478 

2,641 

4,430 

5,218 

30 

1,481 

2,788 

4,441 

5,273 

40 

1,482 

2,855 

4,450 

5,320 

50 

1,483 

2,900 

4,459 

5,387 

oo 

1,486 

2,960 

4,518 

5,881 


sphere are considerably lower than for a plate. The heat and mass 
transfer coefficients for a sphere are given in Table 14. The same 
data are presented graphically in Figure 20. 

The average values of heat and mass transfer potentials in a 
sphere are obtained from 


R R 

r J r 2 1 1>. x )^> 0W = j 0 ( r - x ) dr * 

o o 


The average dimensionless transfer potentials are 
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Fig. 18. Characteristic roots as a function 
of bi q for a sphere (Bi fl < ],0). 



Fig. 19 . Characteristic roots as a function 
of for a sphere (bi c > l.o). 
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Table 14. Coefficients of the system of heat and mass 
transfer equations as a function of Biq. 

(Lu-0,3, e=0,5, Ko-1,2, Pn=0,5, Bi m =10) 


Bl^ 

Cn\ 

C„2 

C All 



M-2 1 

f*l 

f*a 1 

f*l 

f*2 

5,0 

0,1679 

-0,1720 

-0,1643 

-0,9540 

0,2799 

-0,2867 

7,0 

0,1664 

-0,1229 

-0,09866 

-0,7322 

0,2774 

-0,2049 

10 

0,1651 

—0,08956 

-0,05284 

-0,5456 

0,2752 

-0,1493 

15 

0,1642 

-0,06734 

-0,01965 

-0,3970 

0,2737 

-0,1123 

20 

0,1636 

-0,05408 

-0,004038 

-0,3008 

0,2727 

-0,09015 


Bi« 

C /z2 

Dn 

K 


H*i 

H-a 


^2 1 

H 

f*3 

5,0 

-0,2739 

-1,590 

0,3757 

1,218 

0,8343 

-0,3637 

7,0 

-0,1645 

-1,221 

0,2987 

0,9520 

0,8334 

-0,1940 

10 

-0,08808 

-0,9095 

0,2444 

0,7161 

0,8314 

-0,0878 

15 

-0,03276 

-0,6618 

0,2052 

0,5226 

0,8315 

-0,02132 

20 

—0,006731 

-0,5014 

0,1860 

0,3943 

0,8288 

0,01378 


7 = _^)_=^-= l-2D - exp(-^Fo), (1.80) 

e=- °~ fl 6(T) - -1 -Jd: exp (—(<■* Fo). (1.81) 

V /i-l 
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Fig. 20. Heat and mass transfer coefficients 
as a function of Biqfor a sphere. 


The coefficients D n and D* as functions of Bi,? are given in Table 14 
and Figure 20. 

The dimensionless rates of change of the potentials are obtained 
by differentiating equations (1.77) and (1.78) with respect to the 
dimensionless time. The average values can be obtained by similar 
differentiation of equations (1.80) and (1.81): 

We have 


ciT \\( r sin Wnr/R 
dFo M 0 " 1 r /g 

n = l ' 

-C fl2 Slnv ^ r/j? ^ exp(-^Fo), (1.83) 


dT V n 2 , 2 p, 

TfFo" = 2 j O„p. ;1 exp(-^8o), 


(1.84) 
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da 

dFo 


00 



1L 


sinvj jj. n r//? 

r//? ' 


sin sv-„r/'R 
"i ( a) r/7? 


I*n exp(-|i*Fo), 


dFo 


CO 



n 1 


^exp(-^Fo). 


(1.85) 


( 1 . 86 ) 


In addition to the dimensionless numbers related to heat and 
mass transfer, the dimensionless quantities v L and v a are also 
contained in the above solutions. The role of contrary to other 
dimensionless numbers, is strictly mathematical and has no physical 
significance. In the general case, i.e.equation(1.5), y,- is a function 
of the Fedorov and Lu numbers: 

Vy = Vy (Fe, Lu). 

The values of vy are given in Table 15 for various Lu and Fedo¬ 
rov numbers. This table shows that v l changes insignificantly with 
Lu and Fe. With increasing Lu and Fe numbers, its value decreases. 
At Lu = 0, Vj is equal to unity, and with Lu > 1.0, it decreases and 
tends to zero. With increasing Fe the v a increases insignificantly, 
and with increasing Lu it decreases along an approximately loga¬ 
rithmic curve. 

c) Infinite Plate. Parabolic Initial Conditions 

J r = 0, i = X, f(x)=t(x, 0)=if„+(-~y (tn-tj, 

<f(.x)=0 (x,0) =o, ( - ) ]. 

For the solution of this problem we apply the Laplace transforma¬ 
tions to equations (1) and (II): 

a q t" r (x, s) — s t L (x, s) 4- 

+ ii. s h (X, s) - -^-0(X, 0 ) - f(x, 0) = 0, (1.87) 

aj/'(x, s) — s 0 (x, s) + a m 3 t" L {x, s) -f 0 (x, 0) = 0. (1.88) 

The values of Q.(x, s), 0''(x, s), are obtained from equation (1.87) and 

substituted into equation (1.88). Following transformation we get an 



Table 15. Values of yj=v ( Lu ' Fe ) J = ] '- 2 
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Table 15, continued 
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inhomogeneous ordinary differential equation 

t'^(x,s)- -l~At" L {x, s) + ~-/i(jf,s) + 

a 1 a 1 a m 


where 


+ 


1_ 

2 


w 2 -j- x = 0, 


(1.89) 


A = 1 -j- Fe -j- • 


Lu 


w 


t, ~t„ 

daR* ’ 


a„a 


'O “m 


-t„ + w — 2 


ep 


a Q R> 


The general integral of equation (1.89) is found by another La¬ 
place transform with respect to x. Here we have 


4 (x, s) = 




R 2 


+ ^ + C,e 


5 


+ Co e 


l/’-v -V± 

/ a l „ V a„ 


+ Co £ 






where 


(D = 


R 2 


J± %zk _ *«-*« , 

C l? 2 ft 2 A> 


(1.90) 


(1.91) 


vy is determined by equation ( 1 . 5 ), and 
C k are constants (fe = 1 , 2, 3, 4). 

The solution for the transform of the mass potential, 8,(x, s) is 
obtained by substituting t L (x,s ) and t" L {x, 5 ) into equation (1.87), i.e.: 


8 i (x, s) = 



+ 


a 0 c 


R 2 


+ Lu 


ep 


+ 


+ 


c 

ep 


c.U ~ v i)« 


y± 

J dn 


-j- C 2 (l —' 



v 2 x 

+ 
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v i* 

+ C 4 (l --- v ) e 



(1.92) 


Since the condition of symmetry (V) shows that C L ^C 3 and C, = C 4 , 
equations (1.90) and (1.92) can be rewritten as 


t L { A', S) 




+ - 


2 a. 


■ + 




Vj.v- ch 



(1.93) 




0 ,-(«,,-«»)■ 


R* 


+ 


O ®?£./ ~ ~ 

* «P\ ft* 
s' 1 



■f 


+ fi.-rj-/i- v+ 


(1.94) 


and B a are new constants with respect to x. 

Satisfying equations (1.93) and (1.94) with boundary conditions 
(1.8) and (1.9) we can determine Bj from 


where 


Bi Qi + B 3 Q 2 

Bi Pi + #2 - 


s 

Q 


F = o 


S“ 


= -hT-(A< - ) + (4 - tn) . ffrjHO, -0,), 


Fe 


2 —- 

** • 


Bi, 

, = — 2a,, 

1 


_|_ m l u J _), a) Lti 


Bi. 


Bi. 


i (o„ - e„) 4-(^ - 4) --~f-( 0 „ - fg 


(1.95) 

(1-90) 

(1.97) 


(1.98) 
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= ~ 2 a i ' '-f «> Lu j, 


d f ermined by equations (1.13) and (1.14), respectively. 
The solution of equation (1.95) yields y 


a, = — + o, i 

L s (Q,Pi - QiP?) s 2 (q 2 p x - q v p 2 ) J ’ 

B, = -- L P 1 - 2 jQi. . S 2 Pi - Qi 
s - QA) s 2 (Q,/>i - Q^ 2 ) ' 

Substituting B x and B, into equations (1.93) and (1.94) we obtain the 
following general solutions for the distribution of transfer potentials: 


t L (x, s) = —- Q_ 

s 


+ 2a m m , 

s~ r * 


fr a,Pj- 

-a,Q t 

t L (QjPj - 

-QiP>) 


s (Qi p 1 --QiPt ) s 3 - Q,P S ) j Sh 

L S (Q A - QjPj) 1 5 2 IQ P _ 0t m 


- a, 0, 

5 WA - Ql-Pj) ' S^P, - QiP,) 

fl , ^ 9 ,-( 6 n-fin)^ 2^ 

(*, $)=__fi_ . 

5 


V , (1.100) 


2 i£ izi + „ Lu \ 

S P l i? 2 / 

— 


+ rr Qi Pi - a, o, 

(QjPi — QiP 2 ) 1 " 

+ - S 2 A — Q 4 Q 1 J f_ ■■ _ •,/■ — 

^(Qs^i -QiP ? )Jep (1 )Ch F ^ hX ~ 

- 

L 5 (Q 2 Pi - Q l p 2 ) + 

4- ^2 ^2 — ^4 Oo 1 C /-, 

"sWi - WW (1 “ v ‘ } ch r ~ v ^) • 0- 


hav^tobe^nve rted: (1 ’ 101) W ® have two S rou P s of terms which 
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and 


a. Pj - Mi 

$ (Q^P i QiPi) 



chi/Z,*. 

S 2 (Qa^i — QiP a ) ^ 


Here, v_= v ; _ ( _ 1) / (/ = 1,2). 

We shall now consider the transform of the first group: 


L-‘ 


(Sj P } -2,0, ) ch]/±u- 

s(QA-QA) 


= L~‘ 


Oqi (a) ~ 

toi ( s ) - 


( 1 . 102 ) 


Since the conditions of the expansion theorem are fulfilled, and 
the roots of the denominator (s) =0 are 


s = 0 (zeroth root), and 


s — s n , where s„ 


a ,V-l 
R 2 ’ 


the theorem of expansion may be written in the following manner: 


L~< 


' froi (£) 1 = (0) 

- +01 ( s ) J 1 *oi (°) 


, Nr+oi(s„) 


exp(s„x). 


( 1 . 102 ') 


For 4> 01 (0), (0), $ #1 ($„), ^ (s tt ) the calculation yields: 

<*>.i (0)*(Q 1 -/C 1 2,)(l-^)-Q,, 

toi (0) = v| - y2 , 


%l ( S n) = ( G 1 P nj - Q 3 Qnj ) COS |1 n ^~ , 

A 


toi ( S « ) “ > 


where y- n , Q rty *, P»/ and tyn are describedby equations (1.20) to (1.23), 
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respectively. 

Substituting the expressions found inequations (1.102’) and (1.102) 
we get the inversion of the transform of the first group of terms: 


L - 1 

(Q 1 Pj-Q t Q J ) chp/±KK 


s (QA - QA) J 


(Q 1 -K 1 a,)(l — vp- 2 , 


4- 



x> 

^8 Q«/)COS VJ— 

_ H 

\*n % 


exp ( — Fo). 


(1.103) 


Let us consider the inversion of the transform of the second 
group 



This case is different from the preceding in that there is a double 
zeroth root. In order to obtain this root we utilize the expansion 
theorem for multiple roots: 


r At (0) 

-1 = lim 
J s-0 

\A(. 

^o 2 (s)s 2 „.„\1 

1- toslO) 

L ds( 

4*02 ( 5 ) ' - 

= 11m \±{- 
s-+ o Lc/sV 

<5>o„(S) 
<P(S) 


= lim 
s-*0 

r-c O 02 

<p(s) 

( s ) _j_ 

4>„ (s) 

*(s) 


l'f (s)] 2 J' 
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The terms appearing in the expansion theorem have the following 
values.: 


?'< 0) 


<P (0) = 4 - v*. 

9 


2a, 


(l +Fe +■ 


Bi (7 Lu 


■f 




<T>, 


^02 (0) = (ii 2 - K x L> 4 ) (1 — v2).y 4 , 

02 (0) = [(a, - K, Q t ) (1 - vf) - Q t ] 


2 a„ 


“f* 


+ 


Q + Fc _ Q _L_1 V? 


Bi„ 


Bi 0 


%2 ( s, ‘ ) ’ 


,, 3 , 


2 /?* 




( ^02 — (^2 "2-1 Q'l/ ) COS V JJ., XjR. . 


Therefore, the inverted transform of the second group can be 
described as follows: 


(2,P y — “4 Q; )Ch 


/? 


v .v 


5* (Q»Pi - QA) 


(a t -./y,Q 4 )(i-vj)..L» 4 

u2 ' 


[( 2 * -^2.)(i-^)-a 4 ] 


V^/? * -(- JC- 

2a, 




+ 


(1 -vJ) + Fe 


Bi. 


“ 4 Bi<, 


V/ 2 /? 8 


y2 - y2 

2 V 1 


4- 
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1 +Fe + 


Bio 


+ 


Lu 


+ 


BiJLu 


y2_u2 

2 V i 


X 


X [(2* — Ki q 4 ) (i - vp - a 4 ] - 



n- 1 


( Q 1 Pn] - 2* Qn/ ) COS V |l„ — 

___ A 




X 


X exp (— (i*Fo). 


(1.104) 


s* ——^ 

equations (1.91) and fl 9fil tn n qq\ ' • , 1 ’ 2 ’ by using 

terms to di mont ,i„ , ^ to (1-99), simplifying, and reducing the 

terms to dimensionless parameters, we finally obtain 

T _ £ (X x ) t„ 

^ 1 ~ 2j ( C "2 cos V 1N AT//? — 

n = 1 

— c nl cos V 2 jc//?) exp (— 1*2 Fo), (1.105) 

i __ 6 n — 6(x, t) “ 

1 0„ — Op ~ 1 — J/j [ C *1 (1 — v|) COS V 3 (*„ x/R — 

/I-l 

-c* 2 (1 - , 2 ) cos V, (*„ xfK] exp ( _ £ Fo)t ( 1 , 106 ) 


0 


C- f = 0 GxPnf— G 2 Qnf 


M. ’ 


- = ^ nj 
_eKo- ’ 

(1.107) 

Gi = i — 2 irf-i_ L\ _ 


VBi, 


e Ko/C, — 2 8 KoA:, + 1) Lu 

(1.108) 

Os-2.KoK,/_L _ JiL ... 

1 Bt_ n5'- ,Ko - 

(1.109) 
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In problems with a parabolic initial condition, the dimensionless 
numbersLu, Bi^ Bi m , Ko, Pn, e,K u and Fe preserve their form when 
t 0 and 0 O are substituted by t n and 6„, respectively. 

The characteristic equation in the parabolic problem is identical 
with the characteristic equations for a plate with uniform initial 
conditions. Therefore, the values of y. n given in Tables 1-4 are 
also roots of this problem. Comparison of the starting values of Fo 
for parabolic initial conditions (Table 6) with analogous values for 
constant initial conditions, does not reveal any significant differ¬ 
ences. It can therefore be concluded that the initial conditions do 
not affect the simplified solutions of internal heat and mass transfer 
equations. The heat and mass transfer coefficients for a plate calcu¬ 
lated from equations (1.107), as functions of W and V are given in 
Tables 16 and 17, and also in Figures 21 and 22. 

The average values of dimensionless temperature and mass 
transfer potential with parabolic initial conditions can be expressed 
as follows: 


7n __ 

f ^ j " 

- y\p n exp (— H-S Fo), 

(1.110) 

L c u n 

0-1 


01 e„-6, 1 

00 

- ex p (~f„ 2 fo), 

0 -1 

(l.iii) 


t>n' and D'n are given by equations (1.38) and (1.39), as previously, 
with new values of C nJ and C**. 

For a plate, the dimensionless rate of heatingand drying can be 
obtained by differentiating equations (1.105) and (1.106), or (1.110) 
and (1.111), with respect to the dimensionless time, i.e., 

00 

= Yi (C, ‘ 2 cos Vl ^ X ! R — 

n~*i 

— C„ 1 cos V s p n x/R) y? exp (— Fo), 

00 

- 2 D « F 2 exp (- Fo), 

«“1 

«0 

~ L = V [Cni (1 —v?) COS v, |A„ x/R — 
a Fo 


- Ck(\ - vj) cos V, (*,, x/R] 11 = exp (— |J. 2 Fo), 
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IVV V7V2T 


3 , 



Table 16, Coefficients in the solution of heat and mass transfer equations 
as a function of W (infinite plate with parabolic initial conditions). 
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dB 1 

dFo 


CO 


S D " exp ^ Fo). 

n -1 


d) Sphere. Parabolic Initial Conditions 


_ r=2, t = r, fir) = h- [t„ - g, ? g = e,,- ) 2 (e, ( -K )] . 

The general solutions for heat and mass transfer potentials in 
terms of Laplace transforms can be obtained by the method pre¬ 
sented in the previous problem. For the heat transfer potential: 






R- J , 6m m u> 


s 3 


- + 


+c ,y^- r + 


+ C x £ 


— }/' — v x r —l/*— 

+ c 3 6 r + C 4 e r a * 


^ r 


( 1 . 112 ) 


for the mass transfer potential 


u L (r , si = 




R 1 


6 r 


ep 


A-*L + . 

L R 2 


Lu 


+ 


+ — 
®P . 


Ci (1 - v?) « 


Vi- v 


c 2 (1 - V*) £ 


v 2 r 


-/Zv,, -l/Z 

+C,(l-*f)e + C 4 (l-v 3 )e ' c « 


(1.113) 


where C k (k - 1, 2,3,4) are constants with respect to r, v. , and <o 
which are described by equations (1.5) and (1.91). 
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We utilize the conditions of symmetry with equations (1.112) and 
(1.113). In the solution of problems with uniform initial conditions it 
has been shown that the conditions of symmetry (V) for a sphere 
can be represented by equations (1.51) and (1.52): 


(0, s) = 0, u L (0, s) = 0. 

The application of these conditions to equations (1.112) and (1.113) 
gives 

= C 8 , C 2 — C 4 . 

Consequently, the solutions of transforms of the modified tem¬ 
perature (r, s) and mass transfer potential, or u L ( r , s ), are 


h (r, s) 


6 ra m o> 


Vo r, 


r ^ —4)”^" 

s 

+fiiSh ]/sr v ' r +^ sh j/, 


r\ ~ 

ill (r, s) = —- - --— + 

6 r -j- o) Lu ’ 

+ -J + 


■Si—0-' 

sp 


+ S 2l y (l-i)sh 


■ ,sh v\ 

VI 


Vi r + 


v. r. 


(1.114) 


(1.115) 


5j and B 2 are new constants with respect to the coordinates, whose 
values are determined from boundary conditions (III) to (IV) or from 
equations (1.57) and (1.58). Substituting (1.114) and (1.115) into the 
boundary conditions and solving the resulting systems of equations 
for Bi, and B it yields 


Ls (Q 2 Q t X) s 2 (Q 2 p x - Q, 

s(S,?i-9ftA) S 2 (Q 2 Q, P 2 ) ' 
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Here, Q, and P, are determined by equations (1.60) and (1.61); 
a i and are determined by equations (1.96) and (1.98), and 


6 a q 


(-^r- + “ Lu ) 

t„ - L 


Q 4 = — 6 a q n + <*> LuJ . 

Consequently, the final solution can be written as 


(1.116) 

(1.117) 


'L (f, S) —i-- _jg J . 6 'Am* , 


+ 


( 

2 i 4-2 s 4 

Q.V 

- 2 4 Qi 

1 

Ls(q s Pi_4p s ) 

s 2 (44- 

-44) J 


sh 


V 


f s 

' :— v 9 r 


gi4-g 8 4 


L s (QiPi— Qi .P 2 ) 

1 at 

s 2 (4 4-44)J |/ a, V ‘ 


(1.118) 


Ul ( r , s) = 


tf 2 


+ 


ep 


6 ra. 


' W, , 

. tf 2 


+ 10 Lu 


+ 


+ 


+ r giVM. 1 

L S^P.-ftp,) 1 


J- a >Pi—Q 4 Qi 1 j. A s 

+ s 2 (4 h- 4 p t ) J ( Vj) sh v 57 V2 ' 

- [ — ^1^2— . 

I siQiPi-Q.P,) + 

-j- - — 1 ,« 2\ t, /~ 5 

TW-Q./d H “'! ,sh l/sT’.'- 


(1.119) 
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We shall now get two basic inversions of transforms, needed to 
obtain the inverse transformation of equations (1.118) and (1.119): 


1" (U, Pj-QsQj) sh- 


= L~ l 


CM 

A. 

i<y 

J 

co 

_1 

1*1 (s) J 


Because neither the numerator nor the denominator of equation 
(1.120) are generalized polynomials >vith respect to s, the expansion 
theorem can be applied only after a number of manipulations: the 
numerator and denominator are expanded in series around the zeroth 


root; both parts are divided by 




the derivative 


tpoi (s) is taken with respect to s, and the limit of the expression is 
found as s tends to zero (see section lb) 0 

Thus, the theorem of expansion for expression (1.120) is 


L ” 1 


<Pi (g) 

<Ms) 


ttotCO) | V jMfa) 
i (0) ^ (s„) 


exp (s„t) f (1.121) 


where the first^term corresponds to that for the^zeroth root, 
($) = s (<3 a Pi —Qi P 5 ) = 0, and the second term, Q 2 P, —Qi A 2 = 0; 


corresponds to the roots s n ~ — 


R* 


with jin determined by the 


roots of equation (1.65). 

The solution of (1.120) or (1.121) yields 



rz- l 


The second basic inversion will be obtained in the same manner 
as in the plate problem. In this problem, however, additional 
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35^°“® i^ USt b ® performed after the polynomials have been 
reduced to conditions satisfying the generalized expansion theorem 


j (® 2 Pf— ®iQ}) sh y — v r 


s 2 (q,a-q; p 2 ) 


r [(^I — -Ki 2 4 ) (1 — v 2 ) — Q 4 ] x -f- 




V 2 V 2 
2 - V 1 


2.2 1 \ R* 


1 + -—+ Fe + — -f _—L 
-ky_ Bl « Bi_ Lu 


v|_V 2 




(1 — v /) + Fe 1 1 2 vjj? 2 

!_§i„ b!7 J “T^T - 

1^1- r ' 


a t , K- Ss.n^ — exp^Fo). 


(1.123) 


Sd (l^) t . ltleS ’ and 5n) ' are described by equations (1.70) 

cx P an sion theorem to equations (1 1181 and Cl 1191 

stons S for g S U t ati ° nS (1 / 122) “* ^*^23), we get the follwingfexpres- 
S1 °ns for the temperature and mass potential fields: 




4-4 


C nl Sitl V 2^r//? _ 
rlR 


_ c sinN! tyyg 


1 P Tjt\ 1 

TjR J exp ^ F °)- (1.124) 


= 6 « - 8 (r, t) 


= 1 - V fc^d-yZ) 

n-l ^ rjR 


— Ci, n _ m 2 *. Sin Vj r/i? 1 

2 ^-J 6Xp (-! a2F °)> 

Cni = 2 /"* 1 ^ 


(1.125) 


!*«♦» ’ ni eKo C "'* 


(1.126) 
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- t Ko Ki - 6 eKo K t {Kl + \ } Lu , (1.127) 

t l n 

G, = 2eKoK 2 3Lu\_ eKo . (lll28) 

\ B1 m / 

In this case, the expressions for the dimensionless temperature 
and mass transfer potentials are 


oo 


T '~ 1,-4 

-2 D„ exp (-^Fo), 

n**l 

(1.129) 

9 _ _ 

1 6 «-e c 

to 

! — 2 D " ex P(-^ F o). 

(1.130) 


where D n and D* remain in the form of equation (1.82). However, 
C n j and Q are determined by equation (1.126). 

The average and local rates of heating and drying are easily 
found by differentiation of the corresponding equations with respect 
to the dimensionless time, Fo. 


2. NON-STATIONARY FIELDS OF HEAT 
AND MASS TRANSFER POTENTIALS. 

TEMPERATURE OF THE EXTERNAL MEDIUM - 
A LINEAR FUNCTION OF TIME. 

Real processes in most cases proceed within surroundings 
whose temperature is changing. A body in contact with a heat carrier 
heats up while the heat carrier, giving up its heat, cools down. The 
boundary conditions for a mathematical model of internal heat and 
mass transfer should reflect the temperature change in the external 
medium. The solutions of the system of differential equations (I) to 
(VI) with varying temperature of the external medium are of interest 
in the calculation of drying processes, coking, humidification and 
gasification. The importance of these solutions in the determination 
of heat and mass transfer coefficients is self-evident. The prob¬ 
lems considered in this section involve an external medium whose 
temperature is a linear function of time. Problems where the 
temperature of the medium is an exponential function of time will 
be described in the next section. 
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a) Infinite Plate, Uniform Initial Conditions [s =0, S = x, 

t (x, 0) = 1 0 = const, 6 (x, 0) = 6 0 = const, t c = t° c — b t] . The 

general solution of equations (I) to (VI), in virtue of the condition 
of symmetry (V), can be written in the following form: 

h (*, S)- 4 = 


= #! ch y — V* X + B 2 ch 1 / — v 2 X, 

6t (*, s)--^- = —(1 -^)B l ch./Xv,i + 

5 S p J/ CLq 


where 


+ J_(i_ v |)e,ch 

ep 


v* JC, 


( 2 . 1 ) 


( 2 . 2 ) 


! -HC+ 


Fe + 'nr) + 


+(-l) 


V( 


1 + Fe + 


1 \ 2 4 

Lu / Lu 


f/=1.2). 


(2.3) 


Bj are constants with respect to the coordinates. Their values 
are determined from the boundary conditions (III) to (IV). The 
boundary conditions, following Laplace transformations, are 


s 


ij(^» S ) “l“ a ^ 

-(1-«)pp[m«,s). 


■s—h(R, s ) 


P 

s 


= o, 


s ) + K m ?J ^i(^t s ) + 




[R, S) ■ 


= 0 . 


(2.4) 


(2.51 


Substituting t L (R,s), t L (/?, s), 8 l(R,s) and 6^ (R, s), into equations 

(2.4) and (2.5), we solve the resulting algebraic system for B x and B 2 ‘- 


Bi = — 


(<2 ~ *o) Pj + — (9, - 8p)(Q 2 - /C,P 2 ) 


s(Q,Fi-p,p5 _ 
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_ bj. _ 

sW, - QA) (' 

(t°c "KiPJ 
Bt = . . 

__ 

s*(QA - <? A) ’ 

where Q., and />,- are determined from equations (1.13) and (1.14). 
Consequently, the solutions of equations (2.1) and (2.2) can be re¬ 
written in the following form: 


t, 


4 (x, s )-2- = (t° c - 1 0 ) X 

s 


X 


5 (Q* Pi — QxA) Ch ^ 


Pi + «Ko(Q l -/CiP,) 

s(Q*Pi-Q*P.) 

P 2 + s Ko(Q 2 - *A) 


.(QA-QA) Ch]/ i VlA '} + 

/\ 2 r/z VT \>j X — P x ch VT v 

' /(QA-QA) ? ' " ~ ir ‘ + " 2 ’ 


o„ 


0 /. (.v, s) = (0 o -0p) x 


X 


,+ l 

P 2 - KiPt 

e Ko 


«(QA 

-QA) 

+ —— 

P.-KA 

_ i 

e Ko 

s(QA - 

-QA) 


(1 — v|) ch ]/jL V 2 J 


+ 


+ — b 
e o 


Pi(l — '>\) ch j/jL vo.t— P a (l — vf) ch Y Jlvp, 


**(QA -QA) 

= A7,+JV t . 


<_Q _ 


(2.6) 


(2.7) 


The inversions of the first terms L~' [!(,] and L~ x [/V,] have been 
found in Section la. 
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We shall now determine the inversions of the remaining expres¬ 
sions for IT, and N 2 . The latter describe the effect of linear tem¬ 
perature changes of the external medium upon the general solution. 
To begin with, the expression for the heattransfer potential assumes 
the following form: 


II., = b 


Pi ch /Znx-^ch j/~L 

a 0 ' a. 


s ~ (Qi Pi — Q, P.) 


_ b 4>qi (s) 
S 2 <Po(s) 


( 2 . 8 ) 


The inversion of the transform will be found by means of the 
expansion theorem. We shall determine the roots of the denominator 
of equation (2.8), ■s a o 0 ( s )- Here we have 

a) a double-zero root, 

b) the roots 5 = s n , satisfying the equation cp 0 (s) = Q 2 P X — 

Qi-fj = 0. 

We can now write the expansion theorem for equation (2.8): 


Since 


L' 


bQoiis) 

s2 n(s) 


= b llm 


Ooif s) 


s-o L <p 0 (s) 

, e *~ *oi(s) ^ I O 01 (s)<p^(5)i 

'Pols) [9o(s)] a J + 


+2 


b -p- ? 01 fo j-- e S„\ 


W To(s«)] 


cp 0 (0)=v2-v2, 

'Po(O) =~ (vj- 


2 a ' 2 

(j 


(1- v?) X 


X 


1 + Fe+ + 4- 


Lu ' B b ' Bi m Lu 


*01(0) = - (vf- V 2), 

*oi(°)=-(v|-v2)-^L X 
2a 4 

^(t— h Fe -1 ---\ 

\Lu Bi,„ Lu 


(2.9) 
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*01 ( s n ) = P ni COS Vj -P„i C OS f 

A P 


the inverted transform (2.9) can now be expressed as follows: 


L ~ 1 [II 2 ] = -bx + b 


R* 

2a a 


R- + Bi, 


2 


£2 ^2 COS Vi^-| -P„1 COS v, 


rr 


X exp (- £ Fo) = (*° - f 0 )J - Pd | Fo 


X 


1 _ _±_ + 
P 2 


+ 


Bi 0 


2 


pd ^>2 COS v,p„ P Bl COS Vj 


X 


n —1 l 1 n 

X 


i*h9« 


e*P (- Fo) 


( 2 . 10 ) 


We have introduced a new dimensionless number in equation 

( 2 . 10 ), 


Pd = 


_ bRl 

a 9 (t c *») 


( 2 . 11 ) 


This dimensionless number describes the rate of temperature 
change of the medium. A more detailed analysis shows that this 


dimensionless number is a special case of the expression 


djc] 

dPoL; 


The latter is called the Predvoditelev number. Thus, equation (2.11) 
is an expression for the Predvoditelev number for the case of linear 
time dependence of the temperature of the medium. In this dimen¬ 
sionless number the constant b denotes the rate of change of the 
temperature of the external medium, and t°=const denotes the 
temperature of the medium at time zero. 

We shall now find the inverse of the transform for N t : 
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N, 


Pi (1 — v|)chi/TEv,*—/> s (l—v?)ch 

r &Q 


ep 


sHQrPi-QiPJ 



a 0 


= JL b $02 


e P S 2 tp 0 (s) 

The roots of the denominator of equation (2.12) remain as 
Therefore, 


L ' 1 


®o* (s) 


= — b litn 


t e 


,n ®os ( s ) 


?o(5) 


L.p " S^o( S )J ~ e p »”o 

+ (s) _ " ^o(s) , 

9» (s) ^ [*Po ( s )] 2 


ep 


®oa (jg) 


fl 2 


x£f?f*b=*PM-^Fe 
»-l K ?•(«»)] e P 


x 


XI- 


x 2 


r o c 


)-S^- 

/ «-i e P 


p ««i£ 


X 


X- 


^*nl (1 v 2 ) COS V 2 p n —- — P n2 (1 — v 2 )C0S v,|V^- 
__ A A 


Me 


X exp (— pf Fo) = (9,-8,) {yPnPd| 1 - 


X 

2 


«K( 


pd (1 V 2 ) C0S v *H-n - ^2 (1 — v i )COS 


/i-l 


because 


7 

X exp(— fi* Fo)| - 
®02 (0) = 0 

®os (0) = — (v^ — Vj) Fe l x 


2a„ 




®02 (X) = ^.1 (1 - »|) cos v llSl -i- - P n2 (1 -vf ) X 

R 


x COS v,p n -£ . 

H 


X 

( 2 . 12 ) 

before. 


X 

> 

-X 

(2.13) 
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We can now present the final solution of our problem: 


t(X, -) — to 

tc ~ t 0 


Fo-1 - -- — \ 

2 \ R- Bi J 

COSV,|i n — C nl COS V., j X 

n « 1 ' 


X exp (— [).„ Fo); 

(=) = °»Zllifi iL =.l-|—L PnPd 

0 .- 8 , 2 


( 1 - — 

\ P 2 


(2.14) 


where 


CS, (1 — ) cos Vjjj.,, X 


X (1 — ) cos v,|X„- 


R 


exp ( - H-f, Foj , 


C „ y =2 


1 — s Ko/Ci +^)p v -+eKoQ„ ; 

V* n ' 


J nj 


lvK 

1 

: sKo 




(2.15) 


(2.16) 


Q„y, P„;, are determined by equations (1.21) and (1.23), and 
the roots are determined by the characteristic equation (1.20). The 
dimensionless numbers remain the same as in the problem for 
t c = const, with the exception that t c is substituted for /J. 

The average dimensionless temperature and mass transfer 
potentials are obtained in the usual manner: 


l Pd 

Fo . (— |- - 1 .) 


V ;$ B W J 


— S D « ex P 


(2.17) 
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© 


= 1 -f — PnPd • 
-6, 3 


-S D « ex p(-i*« Fo )- 


(2.18) 


where 


D n = D n2 - Dnt, d; = d;;, -d;; 2 . 

The expressions for D n j and D* n . remain the same as in the previous 
problems where average values for an infinite plate were deter¬ 
mined. In this case, however, equation (2.16) has to be taken into 
account. 

The local and average dimensionless rates of change of the 
transfer potentials are 


dT 

dFo 


00 

: S ^ C „2 cos V, (i„ - C„i cos v 2 l i„ X 


X v- a exp ^ Fo) — Pd, 

= S £, "l‘ 2 „exp(-^Fo)-Pd, 


(2.19) 

( 2 . 20 ) 


de 

dFo 




(1 — v 2 ) COS V 2 )i n -- — C*n2 X 

R 


X (1 — V* ) COS V l( l„ 

A 


^exp(-^Fo), 


de 

dFo 


S^exp^Fo, 


( 2 . 21 ) 


( 2 . 22 ) 


Analysis of the solutions of equations (2.14) (2 15) and (2 17) 

£r2; 2 VST -'^ Starting F ° ValU6S (when only tie"frit S 
. t t , 6 “finite series are used) remain the same as in a 

^ m P® ratur e medium up to Pd ss 0.25 (see Table 18). An 

f H ?d resul ^ s ln a slow decrease in the Fo values. With 
increasing dimensionless time, there is a diminishing influence of 
the infinite series upon the value of the dimensionless potentials. 
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Table 18. Starting values of Fo for simplified calculations 
of heat and mass transfer in an infinite plate with t c ^t° c — 


Index 

1 

/A/ 

1,0 % 

'O 

% 

0,5 % 


xlR™ 0 

0,73 

0,88 

i — i 

x/R= 1 

0,93 

1,09 


xlR=0 

0,79 

0,95 

l—e 

xlR=* 1 

1,04 


l-e 


0,12 

0,17 

i-e 


0,14 

0,30 

dTjdFo 


0,26 

0,35 

rfe/rfFo 


1,04 



For T (Pd = 0,25, Bi„ = 10, — = 0, e=0,5, Pn= 0,5, Ko=l,2, 

R 

Bi m =10), the magnitude of the transient term in the solution for T 
as a percentage of the remaining terms is as follows: 

for Fo = 5.0, 23.7% 

for Fo = 7.0, 1.31% 

for Fo = 10.0, 0.110% 

Beyond a value of Fo = Foq Ua sistationarv, the dimensionless 
potentials are determined only by the steady-state terms. Then 
the temperature at any point of the plate becomes a linear function 
of time, and the temperature distribution through the thickness 
of the material becomes parabolic. Consequently, starting from 
Fo quasistationary we shall have similar temperature distributions. 
This regime is called quasistationary. At the same time the redis¬ 
tribution of the mass potential ceases and a stationary parabolic 
distribution of the mass potential is established. As Pd increases, 
the quasistationary regime takes place at lower values of Fo. 

Thus, for Fo>Foq Ua sistationary, equations (2.14), (2.15), (2.17) 
and (2.18) are: 


T = 


- Pd 


Fo [1 
2 


R 2 


+ 


—V 

Bi ? / J 



(2.14') 

(2.15') 


7’= 1 —Pd 


(2.17') 
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0=.1+—PnPd. (2.18') 

3 

To simplify calculations for a medium with a linearly decreasing 
temperature, the heat and mass transfer coefficients, C nj , C* y , D n 
and D*, are given as functions of the Predvoditelev number in Fig¬ 
ures 23 and 24. Tables 19 to 22 contain the same data in numerical 
form. 


b) Sphere. Uniform Initial Conditions . 

[r=2, ?=r, t(r, O)=£ 0 = const, 0 (r, O) = 0o=const, 
t c =f c -bx\. 

The general transform solution of the problem can be written as 
follows: 


& £ ( r , s) 




Ul (r, s) - 



Vj r -f- 


+ —-— (1— v |) sh 

ep 



r. 


(2.23) 


The constants, Bj, are determined from the boundary conditions 
(III) to (IV), which can be expressedby equations (2.4) and (2.5). We 
satisfy the boundary conditions in equations (2.22) and (2.23) and 
solve the resulting system of equations for B x and B 2 . The results 
can now be substituted into equations (2.22) and (2.23): 












Table 19. Heat and mass transfer coefficients as a function of pd ~ aq ( t o _ t \ ( iTlflT1lte P late *) 
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# tt 

£ 

-0,1137 
—0,1202 
—0,1265 
—0,1297 
—0,1330 
-0,1394 
—0,14£8 
—0,1523 
—0,1587 
-0,1618 
—0,1650 
—0,1714 
—0,1778 

Q ' 

1 

£ 

0,9616 

0,9842 

1,007 

1,018 

1,029 

1,052 

1,075 

1,098 

1,120 

1,132 

1,143 

1,165 

1,88 

Dn 


0,6500 
0,6867 
0,7235 
, 0,7416 
0,7603 
0,7971 
0,8338 
0,8706 
0,9072 
0,9252 
0,9440 
0,9800 

1,031 

£ 

0,2570 

0,2628 

0,2687 

0,2716 

0,2745 

0,2804 

0,2862 

0,2921 

0,2980 

0,3009 

0,3039 

0,3097 

0,3156 

Cl 

IS 

c% 

1,564 
1,652 
1,740 
1,784 
1,829 
1,917 
2,005 
2,094 
! 2,182 
2,225 
2,270 
2,357 
2,445 

£ 

0,08130 

0,08295 

0,08457 

0,08513 

0,08617 

0,08778 

0,08938 

0,09098 

0,09260 

0,09340 

0,09420 

0,09582 

0,09742 

! 


=t 

—0,02420 
—0,02554 
-0,02687 
-0,02754 
—0,02821 
—0,02954 
—0,03087 
—0,03221 
—0,03354 
—0,03421 
-0,03487 
-0,03621 
-0,03754 

! 

dL 

—0,5134 

-0,5254 

-0,5376 

—0,5436 

—0,5496 

—0,5616 

—0,5736 

—0,5858 

-0,5978 

—0,6038 

-0,6098 

-0,6218 

-0,6340 

Cl 

c; 

CJ 

d! 

0,9378 

0,9908 

1,044 

1,070 

1,097 

1,150 

1,203 

1,256 

1,309 

1,355 

1,362 

1,414 

1,467 

=L 

0,04880 

0,04976 

0,05073 

0,05125 

0,05169 

0,05266 

0,05362 

0,05458 

0,05555 

0.05603 

0,05651 

0,05748 

0,05844 

•CJ 


i 

—0,01452 
—0,01532 
—0,01612 
—0.01652 
—0.01692 
—0,01772 
—0,01852 
—0,01932 
—0,02012 
—0,02052 
— 0,02092 
-0,02172 
-0,02252 

£ 

O C) UJ « ts 05 - rf (O (N oo m 

CO CO co CO_ COfOfOfOCOcOfOcoco 

o o o o O o o o o O o o a 

) i i i i i i i i i i i i 

*o 

Cu 

® ^ ^ ^ b* OO CJ) O 

© o © © o © o* © © o’ © — r 


♦Calculations performed for Lu^o,3;. e=o,5; Ko=i,2; Pn=o,5; Bi^=iO; Bi, 
and uniform initial conditions. 
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Q 

Cl 

:L 

—0,01538 
—0,03962 
—0,06386 
—0,08806 
-0,1123 



£ 

CO C5 Tj< 05 
rf Q t- CO O 

ooo^oot- 

O o © r-T ~ 

o 

c; 

£ 

0,02439 

0,06206 

0,09975 

0,1374 

0,1751 

II 

O* 

5 

Q 

3- 

0,9009 

0,9692 

1,037 

1.106 

1,174 

II 

6 

5 

i! 


CSOO Nf Tf 

c^co lo rr co 

LOTTCOfN-t 
O 1— CN CO Nf 

o' o' 0*0*0 

id 

o’ 

II 

c 

£ 

0,2334 

0,2497 

0,2661 

0,2826 

0,2989 

cn 

o 

X 

i! 

£ 

CN 0O O r—1 *—< 

t> O) cs to Ol 

UOCSON^ 
O'— 1 CN CM CO 

oo^o^o o_ 
o o' o’ o" o’ 

1 1 1 1 1 

id 

o’ 

II 

u) 

£ 

CNC-CN t-CN 

OCOOOCNc- 

COOrHCOt 

t-7 CN CN CN CN 

1 1 1 1 1 

© 



Mill 

3 

h4 

CN 

£ 

00 00 

CO t- CN O O 

c- « "tr oo 
co oo cn -rr 

O O —‘ —CN 

o' o’ o’ o o’ 

IS 

u 

1 


H 

tL 

CO 00 iO uo CO 
05 0J0)C5C> 

romocco 

o’ o* o’ o’ o 


(j 

s. 

-0,003402 

—0,007787 

-0,01217 

-0,01656 

-0,02094 



£ 

iO CN 05 tO 00 
CO CN O OS 00 
— CN CO CO-T 

77777 


PP 

oKStSg 

o o’ o’ 


Q 

C4 

rL 

CN CO go 05 ^ 
lOoomN 
cn io cn oo 'tf* 
co Nt« to lO CD 
o o o o o 
CS<S<S<S<D 

11111 

£ 

lO 00 to to co 

^ xr xj? tf rf 

o CN ^ o OO 

cn 05 on 05 CD 

o’© o o’o’ 

Ct 

Q 

£ 

CO OO CN CD 
iO tO !>• 00 Q 
CO CO CO CO rF 

to c- oo cn o 
C o’ o’ o’ r-7 

£ 

o CN CN CO CO 
CN tO O ^ CO 
tOONNN 
CN CN CN CN CN 

o o o’ o’ o' 

<N 

o 

£ 

O o CN too 

CN t“» lO 05 

tOSOCN^ 
f-T r-7 CN CN CN 

£ 

0,07694 

0,07562 

0,07426 

0,07290 

0,07155 

*3 

£ 

—0,008794 

—0,01066 

-0.01153 

-0,01289 

-0,01426 

£ 

—0,5312 

—0,5431 

-0,5546 

-0,5663 

-0,5778 

CN 

£ 

0,9158 

1,062 

1,207 

1,353 

1,499 

£ 

0,04618 

0,04536 

0,04455 

0,04373 

0,04292 

e 

O 

£ 

—0,005276 

-0,006395 

—0,006914 

—0,007733 

—0,008552 

£ 

00 oo t— t-* to 
oo lO CN 05 to 

oo co co co co 
o’ cT o’ o" o’ 

1 1 1 1 1 

PP 

o&ssg 

O © o’ r-7 
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Table 22. Heat and mass transfer coefficients as a function of the Biot number (Biq) 
(infinite plate) Lu=0,3, e=0,5, Ko = l,2, Pn=0,5, Bi m =10, Pd=0,25 
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Q 

£ 

—0,1278 

—0,1303 

—0,1297 

—0,1299 

—0,1305 

_ 

d. 

1,013 

1,016 

1,018 

1,019 

1,019 

i 

St 

Q 

£ 

0,7390 

0,7500 

0,7416 

1 0,7332 

0,7314 


j 

0,3789 

0,3152 

0,2716 

0,2383 

0,2197 

O 

£ 

1,684 

1,757 

1,784 

1,799 

1,814 

i 

H 

a. 

j 0,2739 
0,1621 

0,08543 

0,02662 

0,005533 


« 

± 

—0,01650 

—0,02110 

-0,02754 

—0,02956 

-0,03101 

£ 

—0,5493 

—0,5458 

—0,5436 

-0,5419 

—0,5406 

N 

£ 

1,010 

1,054 

1,070 

1,079 

1,088 

£ 

9 g a & | 

S & 5 2 § 

o o o o 

° o o' © o' 

I 

o 

£ 

—0,00990 

—0,01266 

-0,01652 

—0,01773 

-0,01860 

H 

3- 

—0,3295 

—0,3274 J 

-0,3261 

—0,3251 

-0,3243 

1 cq 

° ^ o LO o 


CN 
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P 2 sh 


+ b 


r— P^h i / JL v 2 r 


s^Q.Pi-QtP,) 

r8„ 


=n 1 +n 2 , (2.24) 


Ul (r, s) = (0 o -0.) >< 


(1-v?) sh 


X ^ + ^o Pa J 

1 s(QzP l -QlP'j 

& +-—-Pi - K& . - 

-— _ (1 —v|) shl/ — 

s{Q,P, -QyP,) 2 ' V a„ 


v, r— 


v, r 


sp 


X 


X- 


^(l-vf)sh 


v i r— Pi (1- 


■V?) sh 


/■ i v 


s 2 (Q 2 P 1 - Qj P,) 
= Pi + N,. 


(2.25) 


Qji and Pj are determined from equations (1.60) and (1.61); 
vj is determined by equation (2.3). The inversions of rh and N { 
have been found in Section lb. 

We can now determine the inversions for n s and iV 2 : 


sh I / — vjr—Ash v 2 r 

V <h v a , _ 

s*(qX-Q iK) .. 



( 2 . 26 ) 


The numerator and denominator of equation (2.26) will be put 
into a generalized form by dividing both parts of equation (2.26) by 

— : cl >i( s ): — = (]) 01 (s), (s) =to(s). 

a Q a q a q 

Since the roots of the denominator are a double zero root and 
s n = — , corresponding to the equation = cp 0 (s) = 0, 

the generalized expansion theorem can be expressed as 
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[n a ] - l 




i 

Hs) J 


b llm I" x e^ —l 

~ / n \ • 


$•->■0 


?o(s) 


n(s) [9„(5)] 2 . 

+ 2 6 l^T eip <■'*'> = 


+ 


R 1 


= -bir-\-b~L— r ( 1 --H + 

K l R' Bi tf , 

4.y 9 ± 

a q |4 V [i„ (fl„ 

Pm R Sin V 2 |X„ JL\ 

= r ( t c-h) f-Pd |fo--L( 1 _ IL . 

I L 6 ' R* 


+ 


Bl„ 


-oo 

2 


Pd 


Pm R sin v JL -p ni R sin v#n _L 


{*« 


X 


Xexp (-p,*Fo) I, 
because <p 0 (0) = (vf_ ,*) v 




T ; ( °)--^, l<i ( 1 + -_i_ +Fe+ 


- + 


") (v| — v?). 


Bi ? ' Bi m lu 
® 01 (0)=_ r ( v |._ v 2 )vi1 


®ii (0) - r -*L 


6a„ 


V 1 V 2 X 


y/_ ~ 1 r 2 > 

' BlJLu Lu (v* — v 2), 


(2.27) 
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( S/l ) 2 ft* ^ » 

<lJ l ( S J =- J£~ ^P»2Sln '>!)!„ — P„iSin j , 

the inversion 

N^-b ±. x 

ep 

P*0 —vf)sh i/Tv.r-PItl—^shi/IE v,r 

x _ F __ j_ = 

sMQ.Pi-Qi^) 

= _ ^2 (f) 

ep iji, (s) 

can be obtained by the same method as was used for the inversion 
of n 2 Calculations yield 


[AM = 


ep 6 a„ 


r Fe 1 




X 


-2V—b —5L. x 

^(l-vpPsinv,!*,, - P ni (1 —v|) i?slnv 2 (i n -~- 


p-n'l'a 

(0o-8„) r { i- Pn Pd 
-22 pd 


( 1 ~ ~w) 

X 


X 


" ^Kop 2 „ 

rt -1 n 

Pn 2(1 -vj) sin Vjp . 2 —P„i(l — v|) Sin v 2 p„ ~ 

___ Jz ___lL, 

•^r t*# 

X exp (— p 2 Fo). 


X 
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Thus, the solution of the system of differential equations for 
internal heat and mass transfer, and for heat and mass transfer 
potentials, can be expressed in the following form, by use of the 
inversions (2.27) and (2.28) and the solutions obtained in Section lb: 



X exp (—(<•“ Fo), 



-cSi(l-vg) 


sin v 2 

_ 

r 

~R 


exp (—Fo). 


(2.29) 


(2.30) 


Here, C„j and are determined by equation (2.16); Qnj,Pnj 
and % are determined by equations (1.66), (1.67) and (1.70). 

The average dimensionless potentials for a sphere can now be 
expressed by equations (2.31) and (2.32): 



oo 

~Yi D *n exp (-p.2 Fo), 

n-l 


(2.31) 


(2.32) 
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where D n = D ni - D„ 2 , D* = D% 2 — D% 1 , D nJ and Dnj have the usual form 

for a sphere, including, however, a new expression for C nI and Cnj. 

The characteristic roots, ^ /z , in equations (2.27) to (2.32) remain 
the same as in the problem with t c -= constant. 

The solutions for both the sphere and the plate show that the 
dimensionless temperature and the mass transfer potentials at any 
point of the body depend on the Predvoditelev number. They also 
depend on the rate of change of temperature of the external medium. 
However, as a result of the comparatively rapid convergence of the 
infinite series, the Predvoditelev number can be neglected starting 
with Fo = Foq U asistationary. In this case the distribution of the po¬ 
tentials becomes parabolic, and the change of Twith respect to time 
becomes linear (at Bi 7 = const), i.e., for Fo > Fo q ua sistationary* 


(2.29') 

(2.300 


(2.31') 


(2.32') 


i-Pd 


Fo - — (i - — + — 5 L) 

6 \ R- Bio 1 


1 


0=1+ — Pn Pd 1 1 - —) , 
^ 6 \ R*l 


T= 1 - Pd 


Fo 


f.( 


1 


Bi„ 


0=1+ — PnPtl. 
15 


e) Infinite plate. Parabolic Initial Conditions 

r=o, s=x, t ( X , o) = f, + (/„ - t , ( ), 

o (*, 0) = 0, — ( J (0„ - 0„), t c = Q - bz . 

The general transform solution of the system of differential 
equations for heatandmass transferwithparabolic initial conditions 
has the following form: 


t L (x, s) => 


tu, (J'H tn )- 


S 2 


+ 


v i * + B 2 chi / — v 2 x, 

r CLq f CLq 


+ #ich 


(2.33) 
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Or. 


2f tr ( fjL ^ + m Lu 

-f .. £ P \ P _ j_, 

„9! 1 


+ il -(l-*!)ch|/T, 1 r| 



v.,X. 


(2.34) 


e xd restern n 0 +vf ^ 2 ‘ 3 ^ and ( 2 - 34 ) B t and B % are constants, vy is 
The ft f usual way and to is determined by equation (1.91). 

following formt^ fr ° m b0Undary conditions (2.4) and (2.5), have the 


B t = _ , S> 2 _ Q 4 q„ 

s WA-Qi Pi) + s a (QA- QiP t ) 

B, = -B ill ~ S aQi ± 2*Pi — 9 4 Q, 

s w*- qa) ^ jf;p, - (ip,) ' 

Qj, P/ and 9 a have the same values as given in Section lc: 

2 ; =-2^ [^(Az^ + cuLu j- b 


+ u> Lu -|- 


2 a q 


Consequently, the transform solution of equations (I) -(VI) 


is 


s s 2 i " 

+ -Bkiz z2jQlJ\ ut/~T 
s cqa—Q iPj) J ch y ~ q \x- 

+ Jhh ~ 0, 

s 2 (Q s Pi_q ijPj) 


SrPx-m 

I- sMA-QA) 

. £1 It 2 3 Q 2 
Ls(Q 2 P a -Q 1 P 2 ) i_ 


+ 


Chl/ 57 . 


(2.35) 


6 i (jc, $)= 


0 «-(0,-OJ4; 2 Sk±.(t*-tn 


P 2 


S P 


P 2 


+ CD Lu 


+ 


4- 


®L&ziBiQi_ Q' 2 p 1 -Q iQi ] c 

L^qa -QA) J^ 1 ~ v *) X 

a /p, _ 


Ls(qa-qa) + 1? 


(QA-QA) 


X 


X ch 
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(2.36) 


The inversions of the basic expressions contained in equations 
(2.35) and (2.36), were obtained in Section lc. Substituting their 
values for the inverse transformations, i ~i \t L r x s \i anc j 
L~ x [6l (x, s)] and simplifying, we get ' 


2_ = i_p d 
tc 


Fo- 


R l Bi„ 


-S(c. 

rt- 1 X 


X JC \ 

2 cosv l( j.„ — C«!C 0 SV 2 |J.„-— )exp(— \i.% Fo), (2.37) 

A A 


= ,+J-PdPnfi-i! 

2 l R* 


C*,(l - v|) cos v 4 


(J'/Z 


q,(i — v?) CO sv 


1 Pn 


where 


X exp (—[in Fo) , 

C„y = 2 Qni ' c , = _L_ C) 


Gj. = t — 2W 


1 

Bi 0 


2 

Pn 


eKo 


- e Ko Ki 


2s KofC 2 - ( -^.] )Lu + Pd 

|*/i 


2 > 
Pti 


G, = 2e Ko/C, 


1 


Bl„ 


Lu 


sKo. 


R 


X 


(2.38) 

(2.39) 


(2.40) 

(2.41) 


The expression s for the remaining quantities are given in Sec¬ 
tion lc. 

d) Sphere. Parabolic Initial Conditions 


r =2. 5 = r, t (r, o) = f, + ( — ) ( t n — t„), 


(r,0)=fl,-( t c = t\. - b x 
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The transform solution for a sphere may be written as follows: 


(r, s) 

-t 




4) 


R 2 


+ a m w + 
s 2 


BA - a,Qi 


slQiPt-QiPt) s^P.-QiP.) 

Xshl/- — v„r— 


X 


+ 


^2-^2 — ^4 Q 2 



sh 


• v, r 


(2.42) 


Kl (r, s) 

+ 



_L 

6 ra q 

1 

Rzli 1 .„t „ 

pi T~ 

s 

- + ¥ 

l ‘ *4* 


+ 


f + gtgiz If 1 _ ,i, 1 /'_£ 

L s {Q*Pi-'QiP t ) s‘ 1 i'Q,P l -Q l K) J 2 V a 

-[ 


v 0 r— 


gJvigipL + a i^L- a «^ » 
s(QtK-QiK) sXQiPi-Q'iK) 

X(l-v?)sh|/-L^rJ . 


(2.43) 


Here, 


Q 2 =~6a„ 


K A" V" +“ Lu ) + " L “ + i|r 


]• 


with the values of the remaining quantities given in Section Id. 

^ _1 [$l 0\ s)], [^£ (f, s)] can be found using the generalized 

expansion theorem. The inversions of the basic expressions (2.42) 
and (2.43) were obtained in Section Id. The final solution of the 
problem is 


y 1== <Iy_ y» = ! _ Pd f Fo _ 1 f!_il + 

"c-tn [ 6 \ & 

“ / 

V 


sin v 2 p.„ ~ 
C„, - R 
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where, 


~C n 2 


sin v x p n 


r 

T 


^ * exp(—^Fo), 


9 1= tiM= 1 + —PnPd/ 1-—^ 

e- - K 6 \ R*) 


Sin V! |i„ -g- 

C^(l-vf)- * 


r 


sin v,iA n — 


r 


exp(—^ Fo), 


(2.44) 


(2.45) 


q _ o Gl Pnf G'zQnf 

H-n <|>n 

11 

Cn] 

' sKo ’ 

Ox = 1 - 2Wi 

' 1 

4) 

~*KoKi~ 


l BI, 


—6«Ko /e 3 

(K,+ 1) Lu , 

1 T 

Pd 

2 » 


(** 



G t =*2eKoK, 

( > 

3Lu 

4^ 

to 

O 

V BI™ 




(2.46) 


(2.47) 

(2.48) 


I*„ is determined from the solutions of the characteristic equation 


Qn2 P rtl Qn 1 Pn2 — 0- 

e) Some Considerations on the Method of Determining Heat and 
Mass Transfer Coefficients . 

The solutions (2.14’), (2.150 and (2.290, (2.300 can be used in 
developing a method for the determination of heat and mass transfer 
coefficients ofbound matter (see also A.V. Lykov, 1935; E. P. Shury- 
gina, 1941; Yu. A. Mikhaylov, 1956). The essence of the method is 
as follows: The linear change of temperature of the medium and the 
temperature of two points in a moist body are recorded starting 
with Fo > Foq U asistationary. Also, the moisture distribution in 
the material is determined at a given time. The data are used to 
calculate the following: 
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1 . Predvoditelev number: 


Pd = AR2 *■(*■ Z 1 

i c -t 0 

where A =2 for a plate, A = 4 for a cylinder and A= 6 for a sphere, 
„ J, is an arbitrary coordinate of the moist body. 

2 . Thermal diffusivity coefficient: 



3. The Posnov number: 


S 8 - f? a 

t (R, z) — t (?, -c) 


Pn = 

4. The Soret coefficient: 


n 


Pci 


8 = 

t'-t* 


= Pn' 


tc—U 


transfer'not^ * -V are iri ^ial and equilibrium values of the mass 
content. ^ en lal; a ° aadw p are the initial and equilibrium moisture 

5. Volumetric heat capacity: 


C q To 


a ,4 


m 1( --'<*■'»• 


6 . Thermal conductivity: 


1 = c o to a„ 


can be deten^npH°f^ iS method ls that all the indicated quantities 
method lies in the fit tw e ^l riment - The disadvantage of the 
of the experiment s ^ 1Sdifficult t0 control the temperature 
external medium. 111 a Rnear temperature change of the 


ON-STATIC»^iy HEAT AND MASS TRANSFER 
TEMPERATURE of THF 

AN EXPONENTta T t H L? XTERNAL MEDIUM - 

onekt ial function of time. 

transfer equations (L tEe s y stem of heat and m 

U) (VI) for the caseof exponential depend® 
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of the external temperature on time. The method of solving these 
equations at t e = f c e~' x is essentially the same as in the problems 
discussed heretofore. Thus, only the final solutions will be given: 


a) Solutions for an Infinite Plate. Uniform Initial Conditions 
T= *-*- = - W 0 + W e X 




^cos V"Pd'-^- — Pjcos/v! ]/PcP ■ 

X--- = ■■ J — - -^exp(-Pd'Fo)- 

Q, p l —Q l p, 


x 

7 


S( C,. 2 COS V lN 4- C„! COS v,|i„ A'j x 

«-l\ A /? / 


X exp(-p„ Fo), 

e = i...-. 9 KV._i + _S_ x 

ft I 


(3.1) 


v o ~ > 


e Ko 


X 


P 2 ( 1 - vf ) cos |v t yTd 7 —| - h (1 - vj ) cos |v, /Pd 7 !J 


Qo Pi— Q, P 2 


X 


X exp(-Pd'Fo) - (I— v* )cosv j( ji„ 


~ Cn2 (1 “ \ ) COS 


where 


exp(-^Fo), 


(3.2) 


C ff/ = 2- 


e KoQ„i — 

eKo Kt+W 0 -, 

P 


1 - Pd'/jj. 1 

n 



P/i <l>/i 

_ Cn j 

C '7 - 77 ™ » 

e Ko 

5z=[i+^Ci(i - v* )] cos '/j y pd 7 

i 


Bi„ 


VPd' sin vy Pd', 


(3-3) 
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P ; = ( 1 —V*) cos y V Pd' — [(1 — vJ)+Fe]X 

xii^lsmv.vW. 

Bi m ' 

The average dimensionless transfer potentials are 


Here, 


— Wq-\-W c iVexp (— Pd'Fo) - 
— ^D„exp(—i^Fo), 

n-l 

0 = 1 -f W C N* exp ( -Pd'Fo) - 

— S D « ex P(- l*« Fo )- 

n—\ 


p SinKVPd 7 ) j, sin (v x /P£) 
v, ^/Pd 7 * v, /Pd 7 

& ?, - $ p; 


JV* = 


1 

e Ko 


X 


X 


P, 


(1-vf) 


sin (vj/PtF) 
yHPd 7 


-Ad-v|) 


sin (v, 1/Pd 7 ) 

y, vw 


(3.4) 


(3.5) 


The expressions for D„ and D* have the usual form. The local 
and average dimensionless rates of change of the potentials are 


dT 

dFo 


00 r 

-2 


C U 2 COS v x iL - 

R 


- C nl cos Vj p. exp (- ^ Fo)-U7 c Pd' x 

cos ( v, ]/"Pd' - J-) - 7, cos (V, j/"Pd' 

X -exp(-Pd'Fo). 

— 00 

-gj^ = S D « £ exp (-1*; Fo) —lF e Pd' AT, 

rt-1 


(3.6) 

(3.7) 
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d® nr * x x i 

dFo 2 j [ C m 0 —v 2) cosv 2 l l « If — c « 2 ( 1 — v ])cosvj J1„ x 

X j»;exp(-|^ Fo)- %- X 

P,(l—vf) cos 1-1 ^ - £ 


XPd'- 


-xl/pd 7 ^) -F l( l-v|)cosfPd'-^-j• 


Q 2 F 1 -$,P 3 
Xexp (— Pd'Fo), 

-^-=S D " exp (-hJ Fo) - r,Pd' AT*. 


X 


(3.8) 

(3.9) 


In equations (3.1), (3.2), (3.4) and (3.9) the expressionPd'=-^L_ 

a q 

is the Predvoditelev number for the problems with an exponential 

t° t 

rate of change of temperature with time; W t = -— c ... w n =—h _ 

%-t o’ n-t, 

are the parametric dimensionless numbers for temperature. 


b) Solutions for a Sphere. Uniform Initial Conditions 




sin 




t°-t 

c ‘o 


~R) _ sln ( v i 1/ Pd 


W* -f W e X 


t r_ 

R 


r 

T 


r 

~R 


oo 

a 




3 2 Pi -QiF. 

r 

~R 


-exp(— PdTo)- 


n~\ 


r 

T 


2M —* 2 

r 

- Cn 


sinv 2 |i„ ~ sinv lt j.„ —\ 


n2 


r 

~R J 


exp(—|i?,F'o), (3.10) 




—• v/ p 


P,(l-V|)- 


sin v 


•<y Pd^-) 


r 

X 
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(3.11) 


Here, €„/ and & nj are determined as in equations (3.3); other 
terms are determined as in the previous solutions for a sphere; and 


Ql = -gr-Vj 1/Pd 7 cos (v, 1/Pd 7 ) + 




sin ('tj VW), 


-l 


Pj = (1 — vj) -f F e 


Bi 


t— l/Pd 7 "cos vy /Pd 7 + 


+ B ^ +Fe sin (v, / Pd'). 

As usual, the characteristic roots, ;i„, are determined by 


Qnrf 3 nt Qnl Pn 2=0. 


The average dimensionless temperature and the dimensionless 
mass potential are determined by the following: 


7=-r 0+ ^Ar eX p(-Pd'Fo)-2D n exp(-^Fo) (3-12) 

rz-1 

0=1 + W r c Al*exp.(-Pd'Fo)-^D* exp ( — ^Fo), 


(3.13) 
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wh ere w _ 

A ,« _ 1 (i - - v ') ^ 

s Ko Q 2 Pi — ^ P 2 

3 fsln (v, 1/Td 7 ) - Vy 1/W cos (v, yTd 7 )] 
$ . = (vyVpF) s 

D„ = D nt - D m , D* = D * 2 - D*i. 


Differentiation of equations (3.10) to (3.13) with respect to the dimen¬ 
sionless time yields solutions for the rates of heating and drying of 
the moist material. 


c) Solutions for an Infinite Plate. Parabolic Initial Conditions. 


+ K 


T _ ^ (■*"’ T ) _ iv/ i 

'1 - 76 - =*= — "'aa + 

l c 

cos (, 1/Pd 7 - P, COS (v 2 1/Pd 7 


Q 2 Pi - Qi p t 

00 

X exp (- Pd' Fo) - 2 ( Cni cos v ‘ > ln ^ 

rz«*l 

- C„iC 0 sv 2li „^-j exp (— Fo), 

9 _ 9 n ~ 9 (*■ x ) 


n p 


W 

= 1 4- —^-X 
e Ko 


X 


P a (1 — vj) cos 
Pi (1 — V P cos 


("I* 


X 


I . /~r*r 77 x \1 exp(-Pd'Fo) 


(3.14) 
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oo 

~ [ C *' ^ C0S V ! ~ ~ C %2 (1 — vf) COS Vj }»„ X 


where, 


X exp (— ( 1 * Fo), 

C PnJ @2 Qnl r'* C n j 

'"«) — * -;-> W = —— . 

M» 8 Ko 


e Ko /Ci 


2 e Ko Ki ^ + 1) LU - # cn + j—^ 

r n 1 * u 

0,-2.KoK, 


Ecn_ 

Pd'/tf ’ 


(3.16) 


The nomenclature for the average values is the same as employed 
in the problem with uniform initial conditions. It should be noted that 
instead of 1T 0 and W c , we employ here tF nn and W ca respectively. 
The difference, however, consists in the values of Cni and C*/. The 
latter are determined by equation (3.16), and 


^n„ = W a - 1 = 


C-<n ' 


d) Solutions for a Sphere. Parabolic Initial Conditions. 


t _ ^ ( r > ' c ) — 

1 - KT f - = ~ 

l c % 


U7 nn + 


P sin (v a Vp¥ rJR) = sin (v, yW r/R) 

X 1 ~\ rV JT« -- 


Qt Pi-Qi P 2 


X exp (—Pd 


' Fo)- V (c„ t 


_ ^ sin Vi p.„ r/R \ 

Cni JjR -) CX 

e x == e - ~ 6 0. j) = j 


)exp(-^Fo), (3.17) 


+ J ¥ Lx 

eKo 
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p ft __ ,, 2 \ s * n ( v i V Pd' r/R) 
t[ '> r/R 


— P, (1 — v|) 


sin (v 3 YPi'r/R): 

r/R 


exp (- Pd' Fo) 
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where, 


_VU 2 (l_vJ) 

1?A ] r/R 


C, (1 - v|) 


sin v 2 [t fl r/R 
r/R 


exp (—(j.* Fo), 


/"> __o P"1 G 2 Q.n! 

U nj — Z —-, C,,/ = 


-«/ 




G,= 1 —2 IF/—-L\ 

K ) 


eKo 
• Ko /C t - 


■GeKoK, 

l l n 

Wir 


^cn + 


G, = 2 e Ko /L 


1 - Pd'/tf ' 


Bi„ 


BLu 

u2 
r n 


eKo. 


(3.18) 


4. GENERALIZED SOLUTIONS 
OF HEAT AND MASS TRANSFER EQUATIONS 

A comparison of solutions presented in Sections 1-3 for bodies 
of the same configuration shows that they contain a number of com- 

ele + m f nt L. (for f exam P le > • Q*i - p »i - A„, , B nl , , characteristic 

, etc.). Therefore, the final solutions can be presented in a 
form applicable both to problems with various initial conditions and 
problems with various modes of temperature change of the external 
medium. Such generalized solutions are presented below for an 
infinite plate and a sphere. 

The generalized solution of heat and mass transfer in an infinite 
plate can be presented in the following form: 
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T = 1 4- n — 2 (C/.2 COS Vi xjR - C n 1 cos V 2 p.„ x/R) X 

/i-i 

Xexp (— (i* Fo), 

0 = 1 + 11* - [CJi (1 — v|) cos v, |* n *//? — 

— CSi(l — v j) cos Vj n„ *//?] exp (— Fo ) • 

where 

a — for uniform initial conditions 

„ „/>„+• Ko (Q„/ - K, P n , ) + MP ni 

t*l» +/I 

C*j= ——— C n j , 

£ Ko 

* (*, 0) = i 9 (*, 0) = e 0 ; 

b — for parabolic initial conditions 

p _ o ^1 Pn} G-iQnj p* _ 1 r* 

N <1>B «Ko 

t(x,0 )=t„ 6 (x, .0) = 0 n . 

Here, 


*/=Y[( l + eKoPn+-L-) + (-l)/X 

x /(i+- k»p»+-+)*- -+] ■ 

+ = ' J 1 An\P n2 + '^Bn'iQnl —Vj24n2Pni — 


A n j 1 + (1 v y ) /Ci 

L Bi, 


sin v /( x B + 


I 

Bi, 

*„/ = (!- 


COS v ; .[j. n , 

v / ) sin V A + 



Non-Stationary Fields, Boundary Conditions of 3rd Kind 


135 


( 1 — \ ) +e KoPn 

■+---(sinv^+v^ cos v y a n ), 


Bl„ 


Qnj= [1+(1 — v /) Kl] C0Sv y[V 


v # n 

Bi„ 


sin v /( * n , 


Pnj = (1 — v /) cos '>p n — [(1 — v, ) + e KoPn] x 
X^ Sin ^’ 

Gj= 1 - 2 W |—- 1 —\ - e Ko/Ci - 

\ Bi„ K I 

-2sKo K 2 (/Cl ~^P Lu +M , 

0 -- 2 ' Ko M-Bt“-7rH Ko - 


The (j.„ are determined by solutions of Q 2 Py — Q,P 2 . 
For 4 = constant, 


n = o, n* = o, m = o, 


4 = 4-6 x 


n = -Pd 
l 


Fo 


-t( 




P 2 + Bi, 


) 


n * = — PnPd ( 1 — -fl) , M = , 

2 l P 2 / P* ’ 


4 = 4 «' 


,0 ^—xt 


P, cos 


n=-ir £ + ^ 


^t) 


P, cos 


QA-Vfr 

X exp (— Pd'Fo), 


1 /Pd 7 — \ 

- ^-x 


W 

n* — <? 


eKo 


X 


P^O - v l)COS ( V, VP& ^ - P, (1 - v|) COS ( V, ypd'^ ) 


’CuPy - q x p ; 

X exp (— Pd'Fo), 


X 
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M — — W e 4-^— 

1--S- 

Qj= [1 + Ki (1 -V, 2 )] COS tyVW) - 

-i^ELsin (v.KPd 7 ), 

Dl^ 

Pj = (1 ~ v y 2 ) COS (v y -j/pd 7 ) - 

— [(1 — vj) + e KoPn] v / sin (v, pd 7 ). 

Dl m 


The generalized solution for internal heat and mass transfer 
sphere is 


sin v sl x — 

r=i+n ~2 I c nl _ 




sin v l(V 
-C*. P 


r 

~R 


exp(—^Fo), 


» = i+n*_2 


n -1 


sin 

C'n2 (1 — vjj —- 

w r 


sin v 2 u _— 
-Q (l —v|)_1* 

JL 

/? 


exp (— i^Fo), 


where 

a uniform initial conditions 

c ni = 2 ^L±l Ko {Qnj - JTifty) + Af /> nJ 1 •„ 

M» * nI ~7i^ Cnl ’ 

t(r,0) = t D , 6 (r, 0) = 6 0 ; 
b — for parabolic initial conditions 


Cni = 2 ~ C »Q«/ 


f* — 

J '-'/!/ - ‘ 


1 


Cm, 


M„ ’ ”“ J eKo ^ nJ 

t (C °) = 9(/-,O) = 0 „. 


in a 
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Here 

’?--![(' + - KoP "+- it) + 

+ ( -'>'|/( H -' KoPn +-nr)’--nr] ■ 

~ ~f' v 2^rc2Qnl v 2^n2^nl v l^nlQn2» 

^ n/ - = [1 + Ki 0 - v /)] COS v y! A„-sin V/I i n , 

Dl^ 

B n i = (1 — vj) cos v y |A„— [(1 — vj) -1-eKoPn] Sin v y! j, n 

Q«y= [ 1 —gp + KiO - v /) ] sln v #»+ pp cos v /ts. 
r « (1 — v?) + eKoPn 1 . 

-4;-]“">*.+ 

+ [(l-. / ! ) + .KoPn| cos . 

0.-1 

— 6 • KoK, W±±ll Lu 4 -Af, 

»Jl 4 1 

' n 

0 3 = 2 « KofcJ —-) - sKo, 

V Bi m 1 *; I 


|x n is determined by the solution of the equation 


For 


t r = const 


t c = t° c ~b* 


QiPi = Q,P*. 


ii = o, n*^= o, Af—o, 


n = - Pd [ Fo—— (l - — 
L 6 l £>■ 

1 


P 2 + ‘ Bl7 


■)]• 


n* = — PnPd / l- — ) , 
6 \ R*J 

Pd 
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t c = t° c e~ 


_ sin ( v, \ r Pd ! = sin ( Vl y Pd } r R ) 
P i 




r 

T 


p,- 


r 

~R 


Q*P t - 

Xexp (-- Pd'Fo), 


n* 


eKo 


sin 




(v.VPd'^ 


r 

R" 


- F(i - -'I 


Sin^/pd 7 -^) 


r 


exp (— Pd'Fo) 


Q.P.-QiF, 


Af = — 




' 1 , Pd' ’ 
!\ 2 


•X 


Qr= [ » - ■~~+ K, 0 - v’)] sin (v, /Pd 7 ) - 
- V/ ^ Pd ' cos (v/ /Pd 7 ) , 

[ (1 - v p - +^ KoPn ] sln (v/ZPd 7 ) + 

+ [(1 — v /) + * KoPn] COS (v/ /Pd 7 ). 


5. SPECIAL CASES OF HEAT AND MASS TRANSFER. 

CERTAIN PROBLEMS IN OBTAINING LIMITING FORMS 
OF THE SOLUTIONS OF THE SYSTEM OF HEAT AND MASS 
TRANSFER EQUATIONS. 

The non-stationary fields of heat and mass transfer potential for 
certain special cases can be most conveniently obtained from the 
solutions of the system of equations (I-VI) by finding limiting forms 
of the complete solutions. However, the usual methods of finding the 
mathematical limits of the complete solutions, equations (I-IV), 
yields results which do not agree with solutions obtained from the 
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incomplete system of differential equations <(S = 0 , e = 0 , etc.). 
Investigations show that in order to obtain correct mathematical 
limits it is extremely important to consider the form of the resulting 
characteristic equation and the “form” of the resulting roots. Thus, 
for an infinite plate when S approaches zero (which is the same as 
Pn or Ko approaching zero) the characteristic equation (1.20) has 
the following form: 


COS |x 


Q\ q 
X sin 


sin {a j ^ 
H- 


cos 


V Lu 


V Lu 


Bi m V Lu 


X 


(5.1') 


i.e. the previous singularity corresponding to the root con¬ 
tained in the solution of the complete system of equations, has 

{X 

assumed a double form: [xand|x :i! = ^ 7 =-. The limiting form of solu¬ 
tion will be correct when the infinite summation of the general 
solution is repeated a number of times equal to the number of 
“forms” of the root present in the limiting form of the character¬ 
istic equations. For example, the infinite sum of equation (1.28) has 
to be repeated twice, by substituting for {a „ 0 , first jx, and then |x*. 
This substitution has to be performed because the characteristic 
equation (5. 1 ’) contains two ‘‘forms” of the root. In this way, the 
limiting forms can be achieved by the usual method. Limiting solu¬ 
tions permit the checking of the correctness of solutions of the 
complete system of equations. They also permit an easy and rapid 
method of obtaining solutions of special cases from one general 
solution; and finally they permit the explanation of new and interest¬ 
ing characteristics and properties of the process. The development 
of the limiting solutions for the system of heat and mass transfer 

equations has disclosed anewphysical significance of the ]/ Lu num¬ 
ber, which can now be considered a measure of interaction between 
heat and mass transfer. The method has also shown the possibility, 
from a formal mathematical point of view, of calculating heat and 
mass transfer in incomplete systems (& = 0 , e = 0 ) in terms of 
either mass transfer or heat transfer quantities. It is of interest to 

note that the V Lu in heat and mass transfer processes fulfills the 

same role as the square of the velocity of light in the well-known 
Einstein equation: E = c l m , which determines the interaction be¬ 
tween the quantities of energy and mass. 

By means of the above method of obtaining limiting solutions we 
can obtain solutions for special cases of heat and mass transfer in 
moist materials. 
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a) Absence of Thermal Mass Transfer (S = 0, Pn = 0). The solution 
for heat and mass transfer in an infinite plate with uniform initial 
conditions can be written as follows: 


^->-2 


X exp ^ — i> 2 n Fo) — ^ A* n Ko | ~ cos ~ + 

n=l 

+ cos yTu P* exp ( - p”Fo*), 

9 = - ^ ZV^ = 1 - 2 & cos vi -f exp (-p”Fo* ), 


where 


''■" Ko ["5iT"' , “I^T )1/ ’ Tu , ‘’ s,n FT5 + 

, eLuBi m p_ i 

+ - -r- cos , 


+ 1HL B V cos 
+ Lu-1 cos yxd 1 

=,Lu [|l— e — — — j Pn Sin pj + - 


Lu — 1 


= Bi m cos - -^= Sin , 

V Lu yiu y Lu 

fn =Bi ? COS yTup^ -VTu p* Sin VTu Pn 

Pn an ^ P« are roots of the characteristic equations 


ctgp-—— n andctg jj* _ * 

B1 « Bi_ 


and the coefficients A n and An are determined by 


4 ,=--lillN_ f 

N + sin cos ^ 


2 sin jx; _ 

pi + sin [ij cos 


valu2To?S?ro f ff- hara f e n iStiC roots are Siven in Table 23 and the 

also DresentoH t i,° ients ^« and in Table 24. The same data are 
also presented m Figures 25 and 26. 
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Table 23. Roots of characteristic equation 


ctgf* : 


BL 


-p and ctg fx*. 


Bi^ 


Bi , 

Pi 

Pa 

Pa 

Pi 

Pb 

Pe 


* 

* 


* 

*• 


Bi m 




^4 



0 

0,0000 

3,1416 

6,2832 

9,4248 

12,5664 

15,7080 

0,001 

0,0316 

3,1419 

6,2833 

9,4249 

12,5665 

15,7080 

0,002 

0,0447 

3,1422 

6,2835 

9,4250 

12,5665 

15,7081 

0,004 

0,0632 

3,1429 

6,2838 

9,4252 

12,5667 

15,7082 

0,006 

0,0774 

3,1435 

6,2841 

9,4254 

12.5668 

15,7083 

0,008 

0,0893 

3,1441 

6,2645 

9,4256 

12,5670 

15,7085 

0,010 

0.0998 

3,1448 

6,2848 

9,4258 

12,5672 

15,7086 

0,020 

0,1410 

3.1479 

6,2864 

9,4269 

12,5680 

15,7092 

0,040 

0,1987 

3,1543 

6,2895 

9,4290 

12.5696 

15,7105 

0,060 

0,2425 

3,1606 

6,2927 

9,4311 

12,5711 

15,7118 

0,080 

0,2791 

3,1668 

6,2959 

9,4333 

12,5727 

15,7131 

0,100 

0,3111 

3,1731 

6,2991 

9.4354 

12,5743 

15,7143 

0,200 

0,4328 

3,2039 

6,3148 

9,4459 

12,5823 

15,7207 

0,300 

0,5218 

3,2341 

6,3305 

9,4565 

12,5902 

15,7270 

0,400 

0,5932 

3,2636 

6,3461 

9,4670 

12,5981 

15,7334 

0,500 

0,6533 

3,2923 

6,3616 

9,4775 

12,6060 

15,7397 

0,600 

0,7061 

3,3204 

6,3770 

9,4879 

12,6139 

15,7460 

0,700 

0,7506 

3,3477 

6,3923 

9,4983 

12,6218 

15,7524 

0,800 

0,7910 

3,3744 

6,4074 

9,5087 

12,6296 

15,7587 

0,900 

0,8274 

3,4003 

6,4224 

9,5190 

12,6375 

15,7650 

1,000 

0,8603 

3,4256 

6,4373 

9,5293 

12.6453 

15,7713 

1,500 

0,9882 

3,5422 

6,5097 

9,5801 

12,6841 

15,8026 

2,000 

1,0769 

3,6436 

6,5783 

9,6296 

12,7223 

15,8336 

3,000 : 

1,1925 

3,8088 

6,7040 

9,7240 

12,7966 

15,8945 

4,000 

1,2646 

3,9352 

6,8140 

9,8119 

12,8678 

15.9536 

5,000 

1,3138 

4,0336 

6,9096 

9,8928 

12,9352 

16,0107 

6,000 

1,3496 

4,1116 

6,9924 

9,9667 

12,9988 

16,0654 

7,000 

1,3766 

4,1746 

7,0640 

10,0339 

13,0584 

16,1177 

8,000 

1,3978 

4,2264 

7,1263 

10,0949 

13,1141 

16,1675 

9,000 

1,4149 

4,4694 

7,1806 

10,1502 

13,1660 

16,2147 

10,000 

1,4289 

4,3058 

7,2281 

10,2003 

13,2142 

16,2594 

15,000 

1,4729 

4.4255 

7,3959 

10,3898 

13,4078 

16,4474 

20,000 

1,4961 

4,4915 

7,4954 

10,5117 

13,5420 

16,5864 

30,000 

1,5202 

4,5615 

7,6057 

10,6543 

13,7085 

16,7691 

40,000 

1,5325 

4,5979 

7,6647 

10,7334 

13,8048 

16,8794 

50,000 

1,5400 

4,6202 

7,7012 

10,7832 

13,9666 

16,9519 

60,000 

1,5451 

4,6353 

7,7259 

10,8172 

13,9094 

17,0026 

80,000 

1,5514 

4,6543 

7,7573 

10,8606 

13,9644 

17,0686 

100,000 

1,5552 

4,6658 

7,7764 

10,8871 

13,9981 

17,1093 

00 

1,5708 

4,7124 

7,8540 

10,9956 

14,1372 

17,2788 
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Table 24. Values of the coefficients A n and a* 


for an infinite plate. 


Bii/ 


^2 

^3 

At 

^5 

A* 

Bim 

4 

< 

K 

K 


K 


0,000 1,0000 — 0,0000 0,0000 

0,001 1.0002 - 0,0002 0,0000 

0,002 1,0004 - 0,0004 0,0001 

0,004 1,0008 - 0,0008 0,0002 

0,006 1,0012 - 0,0012 0,0003 

0,008 1,0015 - 0,0016 0,0004 

0,010 1.0020 — 0,0020 0,0005 

0,020 1,0030 - 0,0040 0,0010 

0.040 1,0065 - 0,0080 0,0020 

0,060 1,0099 - 0,0119 0,0030 

0,080 1,0130 - 0,0158 0,0040 

0,100 1,0159 - 0,0197 0,0050 

0,200 1,0312 - 0,0381 0,0100 

0,300 1,0450 - 0,0555 0,0148 

0 , 40 !) 1,0581 - 0,0719 0,0196 

0,500 1,0701 - 0,0873 0,0243 

0,600 1,0813 — 0,1025 0,0289 

0,700 1,0918 - 0,1154 0,0335 

0,800 1,1016 - 0,1282 0,0379 

0,900 1,1107 - 0,1403 0,0423 

1,000 1,1192 - 0,1517 0,0466 

1,500 1,1537 - 0,2013 0,0667 

2,000 1,1784 - 0,2367 0,0848 

3,000 . 1,2102 - 0,2881 0.1154 

4,000 1,2287 - 0,3215 0,1396 

5,000 1,2403 - 0,3442 0,1588 

6,000 1,2478 — 0,3604 0,1740 

7,000 1,2532 — 0,3722 0,1861 

8,000 1,2569 - 0,3812 0,1959 

9,000 1,2598 — 0,3880 0,2039 

10,000 1,2612 - 0,3934 0,2104 

15,000 1,2677 — 0,4084 0,2320 

20,000 1,2699 — 0,4147 0,2394 

30,000 1,2717 - 0,4198 0,2472 

40,000 1,2723 — 0,4217 0,2502 

50,000 1,2727 - 0,4227 0,2517 

60,000 1,2728 - 0,4232 0,2526 

80,000 1,2730 - 0,4237 0,2535 

100,000 1,2731 — 0,4239 0,2539 

» 1,2732 - 0,4244 0,2546 


- 0,0000 0,0000 — 0,0000 

- 0,0000 0,0000 — 0,0000 

- 0,0000 0,0000 — 0,0000 

- 0,0001 0,0000 — 0,0000 

- 0,0001 0,0001 - 0,0000 

- 0,0002 0,0001 - 0,0001 

- 0,0002 0,0001 - 0,0001 

- 0,0004 0,0003 - 0,0002 

- 0,0009 0,0005 — 0,0003 

- 0,0013 0,0007 - 0,0004 

- 0,0018 0,0010 — 0,0006 

— 0,0022 0,0013 - 0,0008 

- 0,0045 0,0025 - 0,0016 

- 0,0067 0,0038 - 0,0024 

- 0,0089 9,0050 - 0,0032 

— 0,0110 0,0063 — 0,0040 

- 0,0132 0,0075 — 0,0048 

- 0,0153 0,0087 - 0,0056 

- 0,0175 0,0100 — 0,0064 

— 0,0196 0,0112 — 0,0072 

- 0,0217 0,0124 — 0,0080 

- 0,0318 0,0184 — 0,0119 

— 0,0414 0,0241 — 0,0157 

- 0,0589 0,0351 — 0,0231 

- 0,0750 0,0451 — 0,0300 

- 0,0876 0,0543 — 0.0366 

— 0,0991 0,0626 — 0,0427 

- 0,1089 0,0701 - 0,0483 

- 0,1174 0,0768 — 0,0535 

- 0,1246 0,0828 — 0,0583 

- 0,1309 0,0881 — 0,0676 

- 0,1514 0,1072 — 0,0795 

- 0,1621 0,1182 — 0.0901 

- 0,1718 0,1291 — 0,1015 

- 0,1759 0,1340 — 0,1069 

— 0,1779 0,1365 - 0,1098 

- 0,1791 0,1379 — 0,1115 

- 0,1803 0,1394 — 0,1132 

- 0,1808 0,1405 — 0,1141 

- 0,1819 0,1415 — 0,1157 
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The solution for heat and mass transfer in a sphere at uniform 
initial conditions may be described as follows: 


T _ t(r, T)-t 0 _ x 

t t -to 


“ / a \ Sitl 

2 A *( 1 + T/—?- exp Fo) 

V K ' 


■S^Ko ^ 


T sin — 
e Lu r R 


Lu 


+ 


where 


sin Y Lu 

+ ^_-| exp (-^* 2 Fo*) . 

j ft 


H-n 


R 


e = 


■G (r, t) 


6„ — G 
o V 




* sin — 

- y, Al -—5. exp (- £ • FO*), 

* • 


n — \ 


<p« = KoLu 


Bi m r 

Bi, 1 


1 -e- 


Lu- 1 




sin 


V~Lu 


cos -t». 


l 1 e yur/* 

tf=Lu|[l — e+ ~— (Bl T -l) ] sin ^ ■ 


"I 1 - 


Lu — 1 


! A n COS [ i-n | , 


(5.4) 


% = (Bi m — 1) sin 




V lu + yXu 


H*/* 


“ cos 


\ h n _ 

V Lu ’ 


“(Blf ~ 1) sin V" Lu iji* + V Lu cos ]/ Lu ^ , 
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and ^ are determined from the characteristic equations: 

tg |X= - --L p and tg 1 **= - —-—- (X*. (5.5) 

Olq — 1 tSl n — 1 

and the coefficients A„ and A*, are determined by 



2 (sin cos ) 

[I,, — sin |A„ COS I J-n 
2 (sin tt* — cos ) 

1*: — sin jaJ cos .[a* 


(5.6) 


The values of the characteristic roots are given in Table 25 and 
Figure 27, and the coefficients A n and A* are given in Table 26 and 
Figure 28. 

The following is the solution for heat and mass transfer in an 
infinite cylinder with uniform initial conditions: 


Xexp(-|A?Fo)-2 a: Ko i°( 1 *;-^ 




exp ( — (a„**Fo*) , 


6.-0(r. l) 

6 .- 0 , 


Jj, 

Bi„ 


- ;h 

- V Al J 0 / — ) exp( - n *Fo*), (5.7) 

^ ' Rl 


1 - 8 - 


s LuBl m / |a„ > 
• J 0 


<p« = Ko 

<p« = Lu 

% = Bi m /. [v --, VTn -. lyT - 1 , 

<t;, = Bi,J 0 (/Lu [A*) - VU^^JJVLu (A*), 


LvT-r 9 (v Lu J’ 

W. (|4) + ----V 7 ° (! l «) • 

I Lu --1 J 


Lu — 1 




where 
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(*„ and {a* are roots of the characteristic equations 

AiL) = —hi._ a n d Jp = -t— (5.8) 

Ji (rt Bi, J\ (n*) Bi m ’ 

coefficients A n and A\ are determined by the following: 


^ __ _ ^ J\ (jjvi ) _ __ _ 2 J j, ^ Q\ 

" tnirM+XM ' n 

Here, J 0 and J t are zero and first-order Bessel functions of the 
first kind. 


B/ q ;B L 



Fig. 27. First roots of characteristic 

equations tg p = - gj-^j p and 
1 47 

tg p* = — —g:-p* as functions 

of the Biot number for a sphere. 

The roots of characteristic equations (5.8) are given in Table 27 
and the values of coefficients A, and Al are cited in Table 28. 
Graphical representations of the above values are given in Figures 
29 and 30, respectively. 
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Table 25. Roots of the characteristic equations 


,g!i “ - -Bi7=r“ and = - sr=r^ 

h m 1 


% 

BI 

m 

•X* 

Pi 

f * 2 

* 

^3 

* 

H 

* 

*x 

* 

P. 

0,000 

0,0000 

4,4934 

7,7253 

10,9041 

14,0662 

17,2208 

0,005 

0,1224 

4,4945 

7,7259 

10,9046 

14,0666 

17,2210 

0,010 

0,1730 

4,4956 

7,7265 

10,9050 

14,0669 

17,2213 

0,020 

0.2445 

4,4979 

7,7278 

10,9060 

14,0676 

17,2219 

0,030 

0,2991 

4,5001 

7,7291 

10,9069 

14,0683 

17,2225 

0,040 

0,3450 

4,5023 

7,7304 

10,9078 

14,0690 

17,2231 

0,050 

0,3854 

4,5045 

7,7317 

10,9087 

14,0697 

17,2237 

0,060 

0,4217 

4,5068 

7,7330 

10,9096 

14,0705 

17,2242 

0,070 

0,4551 

4,5090 

7,7343 

10,9105 

14,0712 

17,2248 

0,080 

0,4860 

4,5112 

7,7356 

10,9115 

14,0719 

17,2254 

0,090 

0,5150 

4,5134 

7,7369 

10,9124 

14,0726 

17,2260 

0,100 

0,5423 

4,5157 

7,7382 

10,9133 

14,0733 

17,2266 

0,150 

0,6609 

4,5268 

7,7447 

10,9179 

14,0769 

17,2295 

0,200 

0,7593 

4,5379 

7,7511 

10,9225 

14,0804 

17,2324 

0,300 

0,9208 

4,5601 

7,7641 

10,9316 

14,0875 

17,2382 

0,400 

1,0528 

4,5822 

7,7770 

10,9408 

14,0946 

17,2440 

0,500 

1,1656 

4,6042 

7,7899 

10,9499 

14,1017 

17,2498 

0,600 

1,2644 

4,6261 

7,8028 

10,9591 

14,1088 

17,2556 

0,700 

1,3525 

4,6479 

7,8156 

10,9682 

14.1159 

17,2614 

0,800 

1,4320 

4,6696 

7,8284 

10,9774 

14,1230 

17,2672 

0,900 

1,5044 

4,6911 

7,8412 

10,9865 

14,1301 

17,2730 

1,000 

1,5708 

4,7124 

7,8540 

10,9956 

14,1372 

17,2788 

1,100 

1,6320 

4,7335 

7,8667 

11,0047 

14,1443 

17,2845 

1,200 

1,6887 

4,7544 

7,8794 

11,0137 

14,1513 

17,2903 

1,300 

1,7414 

4,7751 

7,8920 

11,0228 

14 , 1-584 

17,2961 

1,400 

1,7906 

4,7956 

7,9046 

11,0318 

14,1654 

17,3019 

1,500 

1,8366 

4,8158 

7,9171 

11,0409 

14,1724 

17.3076 

1,600 

1,8798 

4,8358 

7,9295 

11,0498 

14,1795 

17,3134 

1,700 

1,9203 

4,8556 

7,9419 

11,0588 

14,1865 

17,3192 

1,800 

1,9586 

4,8751 

7,9542 

11,0677 

14,1935 

17,3249 

1,900 

1,9947 

4,8943 

7,9665 

11,0767 

14,2005 

17,3306 

2,000 

2,0288 

4,9132 

7,9787 

11,0856 

14,2075 

17,3364 

2,500 

2,1746 

5,0037 

8,0385 

11,1296 

14,2421 

11,3649 

3,000 

2,2889 

5,0870 

8,0962 

11,1727 . 

14,2761 

17,3932 

4,000 

2,4557 

5,2329 

8,2045 

11,2560 

14,3434 

17,4490 

5,000 

2,5704 

5,3540 

8,3029 

11,3349 

14,4080 

17,5034 

6,000 

2,6537 

5,4544 

8,3914 

11,4086 

14,4699 

f 7,5562 

7,000 

2,7165 

5,5378 

8,4703 

11,4773 

14,5288 

17,6072 

8,000 

2,7654 

5,6078 

8,5406 

11,5408 

14,5847 

17,6567 

9,000 

2,8044 

5,6669 

8,6031 

11,5994 

14,6374 

17,7032 

10,000 

2,8363 

5,7172 

8,6587 

11,6532 

14,6870 

17,7481 

11,000 

2,8628 

5,7606 

8,7088 

11,7027 

14,7335 

17,7908 

16,000 

2,9476 

5,9080 

8,8898 

11,8959 

14,9251 

17,9742 

21,000 

2,9930 

5,9921 

9,0019 

12,0250 

15,0625 

18,1136 

31,000 

3,0406 

6,0831 

9,1294 

12,1807 

15,2380 

18,3018 

41,000 

3,0651 

6,1311 

9,1987 

12,2688 

15,3417 

18,4180 

51,000 

3,0801 

6,1606 

9,2420 

12,3247 

15,4090 

18,4953 

61,000 

3,0901 

6,1805 

9,2715 

12,3632 

15,4559 

18,5497 

81,000 

3,1028 

6.2058 

9,3089 

12,4124 

15,5164 

18,6209 

101,000 

3,1105 

6.2211 

9,3317 

10,4426 

15,5537 

18,6650 

00 

3,1416 

6,2832 

9,4248 

12,5664 

15,7080 

18,8496 
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Table 26. Coefficients A n and A* for a sphere. 


B1 4 

Bl m 

4 , 

< 

<2 , ■ 
< 

4 3 

A * 

8 

A , 

^5 

a : 

A t 

K 

0,000 

1,0000 

- 0,0000 

0,0000 

- 0,0000 

0,0000 

- 0,0000 

0,005 

1,0025 

-00023 

0,0013 

- 0,0009 

0,0007 

- 0,0005 

0,010 

1,0035 

- 0,0046 

0,0026 

- 0,0018 

0,0014 

- 0,0012 

0,020 

1,0055 

- 0,0091 

0,0052 

- 0,0037 

0,0029 

— 0,0023 

0,030 

1,0089 

- 0,0137 

0,0078 

— 0,0055 

0,0043 

- 0,0035 

0,040 

1,0121 

-00182 

0,0104 

— 0,0074 

0,0057 

- 0,0047 

0,050 

1,0147 

— 0,0227 

0.0130 

- 0,0092 

0,0071 

- 0,0058 

0,060 

1,0181 

- 0,0273 

0,0156 

- 0,0110 

0,0085 

- 0,0070 

0,070 

1,0206 

— 0,0318 

0,0183 

- 0,0129 

0,0100 

- 0,0081 

0,080 

1,0239 

- 0,0363 

0,0209 

- 0,0147 

0,0114 

— 0,0093 

0,090 

1,0266 

- 0,0409 

0,0235 

- 0,0166 

0,0128 

— 0,0105 

0,100 

1,0297 

- 0,0454 

0,0260 

- 0,0184 

0,0142 

- 0,0116 

0.150 

1,0443 

- 0,0679 

0,0390 

- 0,0276 

0,0214 

- 0,0174 

0,200 

1,0592 

- 0,0894 

0,0520 

- 0,0368 

0,0285 

- 0,0232 

0,300 

1,0880 

- 0,1345 

0,0779 

- 0,0551 

0,0427 

- 0,0349 

0,400 

1,1164 

- 0,1781 

0,1036 

— 0,0734 

0,0569 

— 0,0465 

0,500 

1,1440 

- 0,2216 

0,1292 

- 0,0916 

0,0710 

— 0,0580 

0,600 

1,1713 

- 0,2633 

0,1546 

- 0,1098 

0,0852 

— 0,0696 

0,700 

1,1978 

- 0.3048 

0,1799 

- 0,1270 

0,0998 

- 0,0812 

0,800 

1,2237 

- 0,3455 

0,2050 

- 0,1460 

0,1134 

- 0,0927 

0,900 

1,-2488 

- 0,3854 

0,2299 

- 0,1640 

0,1275 

— 0,1042 

1,000 

1,2732 

- 0,4244 

0,2546 

- 0,1819 

0,1415 

- 0,1157 

1,100 

1,2970 

- 0,4626 

0,2792 

- 0,1997 

0,1555 

- 0,1272 

1,200 

1,3200 

- 0,4999 

0,3035 

- 0,2175 

0,1694 

- 0,1387 

1,300 

1,3424 

- 0,5364 

0,3276 

— 0 , 2352 . 

1 0,1833 

- 0,1501 

1,400 

1,3640 

- 0,5720 

0,3515 

- 0,2528 

0,1972 

- 0,1616 

1,500 

1,3848 

- 0,6067 

0,3752 

- 0,2703 

0,2110 

- 0,1730 

1,600 

1,4051 

- 0,6405 

0,3986 

- 0,2878 

0,2248 

— 0,1843 

1,700 

1,4247 

- 0,6735 

0,4218 

— 0,3051 

0,2385 

— 0,1957 

1,800 

1,4436 

- 0,7063 

0,4447 

— 0,3228 

0,2522 

- 0,2078 

1,900 

1,4618 

- 0,7368 

0,4674 

- 0,3395 

0,2659 

- 0,2183 

2,000 

1,4793 

- 0,7673 

0,4899 

- 0,3565 

0,2795 

- 0,2296 

2,500 

1,5579 

- 0,9073 

0,5980 

- 0,4365 

0,3449 

- 0,2855 

3,000 

1,6223 

- 1,0288 

0,6993 

- 0,5205 

0,4122 

— 0,3405 

4,000 

1,7201 

- 1,2253 

0,8811 

- 0,6719 

0,5384 

- 0,4476 

5,000 

1,7870 

- 1,3733 

1,0363 

- 0,8095 

0,6570 

- 0,5501 

6,000 

1,8338 

- 1,4860 

1,1673 

- 0,9333 

0,7702 

- 0,6428 

7,000 

1,8673 

— 1,5731 

1,2776 

- 1,0437 

0,8695 

- 0,7398 

8,000 

1,8920 

- 1,6409 

1,3703 

- 1,1415 

0,9633 

- 0,8264 

9,000 

1,9106 

- 1,6949 

1,4482 

— 1,2280 

1,0489 

— 0,9073 

10,000 

1,9249 

- 1,7381 

1,5141 

- 1,3042 

1,1269 

- 0,9027 

11,000 

1,9364 

- 1 , 773 ? 

1 1,5698 

- 1,3713 

1,1977 

— 1,0527 

16,000 

1,9663 

— 1.8766 

i 1,7489 

- 1,6058 

1,4633 

- 1,3305 

21.000 

1,9801 

— 1,923 £ 

> 1,8385 

- 1,7360 

1,6256 

- 1,5149 

31,000 

1,9905 

- 1,9626 

* 1,9186 

- 1,8616 

1,7950 

- 1,7225 

41,000 

1,9948 

— 1,9780 

) 1,9515 

- 1,9161 

1,8732 

— 1,8263 

51,000 

1,9964 

— 1,9850 

> 1,9680 

— 1,9441 

1,9145 

— 1,8802 

61,000 

1,9974 

— 1,9901 

i 1,9773 

- 1,9601 

1,9387 

- 1,9135 

81,000 

1,9985 

— 1,9945 

l 1,9869 

- 1,9769 

1 1,9644 

— 1,9482 

101,000 

1,9993 

- 1.9965 

2 1,9915 

- 1,9850 

' 1,9767 

— 1,9667 

qo 

2,0000 

— 2,0300 

) 2,0000 

— 2 ,OOOC 

> 2,0000 

— 2,0000 
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0 Oft 0'S 1 t 2 16 20 

Fig. 28. Coefficients ,A U and A* as functions 
of Biot numbers for a sphere. 


b) Absence of Thermal Mass Transfer and of Phase Transition 
(5 = 0, e = 0). 

For a plate, T — 1 — - — - = l — 

4 ^0 


'SO 

-2 a, 


Ko V' Lu 


Bia 

Bi v 


\^n sin 


|*/« 


V Lu 


D , P^L ci n ( t n 

B cos -y L ~ 


X 


X cos |j.„ exp ( — |j. 2 Fo) 

A 


°? KoLu (aS sin (a*, cos I \/~Lu ja* — 
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Table 27. Roots of characteristic equations 


10,1735 

10.1745 

10,1754 

10,1774 

10,1794 

10,1813 

10,1833 

10,1882 

10,1931 

10,2029 

10,2127 

10,2225 

10,2322 

10,2419 

10,2519 

10,2613 

10,2710 

10,3188 

10,3658 

10,4566 

10,5423 

10,6223 

10,6964 

10,7646 

10,8271 

10,8842 

10,9363 

11,1367 

11,2677 

• 11,4221 

11,5081 

11,5621 

11,5990 

11,6461 

11,6747 

11,7915 


13,3237 

13,3244 

13,3252 

13,3267 

13,3282 

13,3297 

13,3312 

13,3349 

13,3387 

18,3462 

13,3537 

13,3611 

13,3686 

13,3761 

13,3835 

13,3910 

13,3984 

13,4353 

13,4719 

13,5434 

13 , 6125 . 

13,6786 

13,7414 

13,8008 

13,8566 

13,9090 

13,9580 

14,1576 

14,2983 

14,4748 

14,5774 

14,6433 

14,6889 

14,7475 

14,7834 

14,9309 


16,4706 
16,4712 
16,4718 
16,4731 
16,4743 
16,4755 
16,4767 
16,4797 
16,4828 
16,4888 
16,4949 
16,5010 
16,5070 
16,5131 
16,5191 
16.5251 
16,5312 
16,5612 
16,5910 
16,6499 
16,7073 
16,7630 
16,8168 
16,8684 
16,9179 
16,9650 
17,0099 
17,2008 
17.3442 
17,5348 
17,6508 
17,7272 
17,7807 
17,8502 
17,8931 
18,0711 
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Table 28. Values of coefficients A n and A * 


for an infinite cylinder. 


Bi , 

B'm 

+ A , 

+ 4 

— a 2 

-K 

+• / 4 3 

+ i4 £ 

-A 

-K 

4 -/ 4 5 

+ A l 

— A & 

-K 

0,00 

1,0000 

0,0000 

0,0000 

0,0000 

0,0000 

0,0000 

0,01 

1,0031 

0,0034 

0,0013 

0,0008 

0,0005 

0,0004 

0,02 

1,0049 

0,0067 

0,0027 

0,0015 

0,0010 

0,0007 

0,04 

1,0102 

0,0135 

! 0,0052 

0,0031 

0,0021 

0,0015 

0,06 

1,0150 

0,0201 

0,0081 

0,0046 

0,0031 

0,0023 

0,08 

1,0199 

0,0268 

0,0110 

0,0062 

0,0041 

0,0030 

0,10 

1,0245 

0.0333 

0,0135 

0,0077 

0,0051 

0,0037 

0,15 

1,0366 

1 0,0497 

0,0202 

0,0116 

0,0077 

0,0056 

0,20 

1,0482 

0,0658 

0,0269 

0,0154 

0,0103 

0,0075 

0,30 

1,0711 

0,0972 

0,0401 

0,0231 

0,0155 

0,0112 

0,40 

1,0931 

0,1277 

010582 

0,0307 

0,0205 

0,0150 

0,50 

1,1142 

0,1571 

0,0662 

0,0383 

0,0256 

0,0187 

0,60 

1,1345 

0,1857 

0,0790 

0,0458 

0,0307 

0,0224 

0,70 

1,1539 

0,2132 

0,0917 

0,0533 

0,0358 

0.0261 

0,80 

1,1724 

0,2398 

0,1043 

0,0608 

0,0408 

0,0298 

0,90 

1 , 1902 

0,2654 

0,1167 

0,0682 

0,0459 

0,0335 

1,00 

1,2071 

0,2901 

0,1289 

0,0756 

0,0509 

0,0372 

1,50 

1,2807 

0,4008 

0,1877 

0,1117 

0,0756 

0,0554 

2,00 

1,3377 

0,4923 

0,2422 

0,1404 

0,0998 

0,0732 

3,00 

1,4192 

0.6309 

0,3384 

0,2114 

0,1463 

0,1084 

4,00 

1,4698 

0,7278 

0,4184 

0,2699 

0,1898 

0,1420 

5,00 

1,5029 

0,7973 

0,4842 

0,3220 

0,2301 

0,1735 

6,00 

1,5253 

0,8484 

0,5382 

0,3679 

0,2672 

0,2038 

7,50 

1,5409 

0,8869 

0,5825 

0,4080 

0,3010 

0,2317 

8,00 

1,5523 

0,9225 

0,6189 

0,4430 

0,3316 

0,2579 

9,00 

1,5611 

0,9393 

0,6491 

0,4735 

0,3593 

0,2826 

10,00 

1,5677 

0,9575 

0,6784 

6,5000 

0,3843 

0,3042 

15,00 

1,5853 

1,0091 

0,7519 

0,5901 

0,4760 

0,3913 

20,00 

1,5918 

1,0309 

0,7889 

0,6382 

0,5303 

0,4461 

30,00 

1,5964 

1,0488 

0,8195 

0,6827 

0,5853 

0,5062 

40,00 

1,5988 

1,0550 

0,8335 

0,7018 

0,6133 

0,5390 

50,00 

1,5995 

1,0587 

0,8396 

0,7112 

0,6227 

0,5544 

60,00 

1,6009 

1,0589 

0,8428 

0,7165 

0,6301 

0,5642 

80.00 

1,6012 

1,0599 

0,8463 

0,7212 

0,6398 

0,5770 

100,00 

1,6014 

1,0631 

0,8505 

0,7245 

0,6415 

0,5850 

oo 

1,6021 

1,0648 

0,8558 

0,7296 

0,6485 

0,5896 
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Non-Stationary Fields, Boundary Conditions of 3rd Kind 
For a sphere, 

rji _ t 

t~t n 


t = JJajtzlo. ^ j 


rt-1 


KoLu 


1 -|— 


. Blj, 

Bia 


sin 


~t= _£« N V 

1 /Lu ]/ L U cos l AX^) 

^ J 1 " h " 


(Bim 1)sin rn + i7feco SF ^ J 


sin |i„ — 

x -7“^ ex P(— ^ Fo) - 
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- V At 


n-1 


Ko Lu Bi m sin |x* 


—-_ rn ~ r~ n 

(BW — 1) sin ]/ Lu [ij + ]/ Lu fij cos ]/Xu 


\ x n 


sin V Lu \x* n 


For a cylinder, 




-exp (-n,;*p 0 *). 


/? 


T == _ 


= 1 


■t A - 


n -1 


+ 


Ko V Lu-lia- F„y, 

B? IKlu 


i / . ^ P-« t ( Pn 

m “'.KLu j V Lu '(yCuJJ 


X exp | - ^Fo 


X 


— V 1 /i* ^ J 1 ^; #a 

r J 1 ^ n Bi^T(7wl - vu tfjjynti :) exp l ~* n Fo * } - 


The expressions for the fields of mass content are determined 
by equations (5.1), (5.4) and (5.7). The roots of characteristic 
equations are determined from equations (5.2), (5.5) and (5.8). The 
heat and mass transfer coefficients are determined by equations 
(5.3), (5.6) and (5.9). 

In the absence of mass transfer (Ko = 0) the solutions given 
above reduce to the usual classical solutions for temperature dis¬ 
tributions in a plate, sphere, and cylinder. 

c) Absence of Thermal Mass Transfer with Constant Rate of Mass 
Removal 


(S = 0, = P [0(/?,x) — 6^] = const). 
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This problem refers to constant-rate drying process. A solu¬ 
tion of this problem given by F.M. Polonskaya can be considered 
the first step in solving the system of differential heat and mass 
transfer equations (I and II). The solution of the equation system 
for the distribution of mass -transfer potential in an infinite plate 
has the following form: 





+ 


VI 9 x 

+ 2j (— 1)" +1 cos n K " D~ ex P ( “ n " K 2 Fo*) 

n~ 1 


(5.10) 


where Kl,„ 


9 atR 

\nVo~%) 


is the mass transfer Kirpichev number. 


As the dimensionless time (Fo*) increases the term of (5.10) 
containing the infinite series diminishes rapidly. Thus, beginning 


with Fo* = Fo Lu = —jjsr > 0,54 , the infinite series can be neglected 

because it is small in comparison with the first two terms of equa¬ 
tion (5.10). That is, a quasistationary regime is established: 


6q — 9 (*. T ) 

8„ - 8, 


= Kl 


m 


Fo* - 




for Fo* • 0,54. 


The solution for the temperature field is 


t (x , t) t 0 

Z-t,~ 


-y t Lu Ko Ki„ 




00 



n — 1 


1 _ 


~T 8 LuKoKl m 
H 


COS 


- X % exp( ~i4Fo). 


(5.11) 


Here, v-„ and A n are determined by equations (5.1) and (5.3), and 
t u = t c — ——. For values of Fo >0.32, the solution of equa¬ 
tion (5.11) is simplified and the expression for the dimensionless 
temperature-assumes the following form: 


^ 05 *) ~ tg 


f.UK0K 1 „(l--* +1 * r ). 


Consequently, the temperature field becomes stationary. The exper¬ 
iments of F.M. Polonskaya have verified the above temperature 
distribution in moist materials. 
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A more detailed analysis of the last relationship shows that the 
phase transformation number is given by 


e 


2 X. 

P<?m£ 


(fn-O. 


This means that the phase transformation number can be determined 
from a known temperature drop and the physical properties of.the 
material. Consequently, the flow of mass in the vapor state can also 
be determined. In accordance with the experiments of F. M. Polon¬ 
skaya and P. V. Lebedev e for gypsum plates amounts to 0.045; for 
clay: 0.75-1.0; for sand: 0.2-0.4; for cellulose: 0.09-0.2. 

d) Generalized Boundary Conditions of the Third Kind in the Absence 
of Thermal Mass Transfer. 


The previous problems were concerned with the analytical solu¬ 
tions of various cases of heat and mass transfer. In the solutions 
the rate of removal of mass from the material, q m , was assumed 
to be either constant, q m — const, ora function of the mass transfer 
potential q m = p [0 ( R , v) — b p ]. The term which describes the rate of 
removal of mass into the surrounding medium (i.e. the boundary 
conditions), can assume various forms depending on the conditions 
of the process. The value of q m can be a function of the coordinates 
and time. It is therefore, very desirable to have one solution which 
would be applicable for various boundary conditions. For the case 
of q m = q m ( t), 8 = 0, such a solution for an infinite plate was obtained 
by A. V. Lykov and M. S. Smirnov. The boundary conditions for this 
problem are 


_ d lL*l± + a [t, - t (R, *)] - (1 -s) p q m (x) = 0, (5.12) 

+ (5.13) 

t (x, 0) = t 0 = const, 0 (jc, 0) = 9 0 = const, (5.14) 

llg*. -JigM-O. (,>5, 


The solution of the system of equations (I) and (II), obtained by the 
method of integral transformation, with boundary conditions (5.12) 
to (5.15), has the following form: 

= 1 _ j-|g-Ki m (l) drr+ Ki 1-3 f) 

0 

00 n 

-f S ( ~ !)" 7^? cos n -D ex P ( — rc’* 2 Fo*) x 


+ 
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X 


Kl m (0) + 



n 2 it 2 



ar\ 


(5.16) 


After a certain period of time, i.e. when Fo* > Fo*, the infinite 
series can be neglected in formula (5.16) and only the first two 
terms remain. 

Thus, the temperature field in an infinite plate may be described 
in the following manner: 

t (X, X) — tp _ 

t e — t o 


1 — Ki m (-) Ko Lu —7~—r- 

L r - 


0,5s 1 


'Bi, j 


(5.17) 


In equations (5.16) and (5.17),Ki m (x) = is the mass transfer 

K m “o 


Kirpichev number, and Ko = 


P C m 6p 
Cq tc 


is the Kossovich number. 


We shall now find the average (integral) value for the transfer 
potentials : 


<(*)-*, 

t'c 4 


e_(x) 


X 



M d % 


= 1-Ki m (x) KoLu 1 -A 7 -[-^e + 


1 

Bi, 


]• 


From the above relationship we get the following expression for 
the rate of change of the mass transfer potential (for example, in 
drying processes this corresponds to the rate of drying): 


du. (x) 
dx 


go A/, &-<(<)] 


R 2 Ko Lu s + Bi-j 1 


PTo * 2 -f Bi ^ 1 


(5.18) 


Relationship (5.18) is of great practical importance because the 
rate of drying can be determined from the average temperature of 
the body and from heat transfer coefficients. In other words, this 
equation can be used to reduce the calculations of mass transfer 
rate to the calculation of heat transfer. The above relationships can 
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also be used to obtain the formula for the mass transfer Kirpichev 
number: 


Ki„ W = 


h [t c -*(')] 


P a m To Wo 


_ 1 _ 

3 


e -f Bi, ; 



It follows from the above equation that the rate of vaporization is a 
function of the phase transformation number and of the heat and 
mass transfer coefficients. 


6. THE EFFECT OF DIMENSIONLESS PARAMETERS 
ON HEAT AND MASS TRANSFER PROCESSES 

The solutions of the system of differential equations for heat and 
mass transfer depend on a large number of dimensionless parame¬ 
ters. However, not all of the dimensionless numbers affect a given 
process to the same degree. Analysis of the results of a large 
series of numerical calculations of equations (I) to (VI) shows the 
predominant influence of some of the dimensionless numbers 
(Bi m , Pn) on mass transfer, and of others of them (Bi„ , Ko, s, W) 
on heat transfer in the same processes. 

The most essential influence on the processes of heat and mass 
transfer is exerted by the Lu number, which can also be called the 
coupling parameter for heat and mass transfer. Basically, the Lu 
number characterizes the inertial properties of the mass transfer 
potential field in comparison with the inertial properties of the 
temperature field. Figure 31 shows that at low values of Lu the 
temperature distribution leads the distribution of mass transfer 
potential; at Lu = 1.0 the two roughly coincide; and at Lu>1.0*the 
distribution of mass-transfer potential begins to lead the tempera¬ 
ture distribution. The nature of the comparisons is not completely 
symmetric about Lu~ 1.0, however. To illustrate this point, let us 
contrast two cases: Lu ----- 0.5 and Lu = 2.0, i.e., the thermal dif- 
fusivity is either twice as large or only half as large as the mass 
diffusivity. 

Table 29 and Figure 32 show that the difference between average 
dimensionless potentials is 1 12%, and their rates of change differ 
by up to 200%. Complete equality of heat and mass transfer poten¬ 
tials is not even observed at Lu - 1.0; this occurs only at Lu<?l,0. 
With increasing Lu, and at equal values of dimensionless time, the 
average temperature decreases and the drying rate increases; all 
processes proceed more uniformly during the period in which the 
mass transfer potential is changing (Fig. 33). 

Consequently, from an engineering point of view the heat and 
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Fig. 31. Distribution of transfer potentials 
as a function of Lu. 


Table 29 


Fo 

T: © 

6: T 

d T . dG 
d Fo dFo 

d© . dT 
d Fo d Fo 

T: e 

, _ 
dj _. d& 

iWo rfFo 


Lu=G,5 

Lu=2,0 

Lu=0,5 

Lu=2,0 

Lu-1,0 

0,4 

1,44 

1,61 



0,908 


0,6 

1,41 

1.35 

1,23 

0,63 

0,946 

1,10 

0,8 

1,35 

1,22 

0.22 

0,60 

0,965 

1,09 

1,0 

1,29 

1,15 

0,79 

0,59 

0,976 

1.08 


mass transfer processes should be designed with large values of 
T ,ar ^ e va ^ ues °f Lu will intensify the heating and drying process 
and decrease the possibility of thermal decomposition and other 
undesirable effects which occur at high temperatures. 

The progress of the process is seriously affected by the dimen¬ 
sionless numbers describing surface and internal heat and mass 
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Fig. 32. Symmetry of T and e 
with respect to Lu = 1. 0. 

transfer. The dimensionless heat and mass transfer numbers (Big 
and Bi m ) characterize the rate of the external transfer in compari¬ 
son with the rate of the internal transfer. At low values of the Biot 
number (see Table 30) the rate of heating and drying is insignificant, 
the temperature gradients and mass -potential gradients being small. 
With increasing Big and Bl m the transfer rates and simultaneously 



characteristics as a function of Lu. 
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Table 30. Dependence of heat and mass 
transfer characteristics on the Biot Number 





Big 

= 0,5; Bi m = 

= 0,5 

Index 

Fo 


4=0,5 

4=0,50 

4=0,75 


0,7 

0,123 

0,133 

0,162 

0,211 


0,8 

0,147 

0,157 

0,185 

0,232 


1,0 

0.192 

0.201 

0,228 

0,272 

t t 0 

1,5 

0,293 

0,301 

0,324 

0,362 

•* + _ + 

2,0 

0,377 

0,383 

0,404 

0,437 


3,0 

0,507 

0,513 

0,528 

0,553 


5,0 

0,673 

0,676 

0,686 

0,702 


7,0 

0,768 

0,771 

0,777 

0,788 


10,0 

0,852 

0,853 

0,857 

0,864 


0,7 

-0,006 

0,118*10-1 

0,640-10-1 

0,150 


0,8 

0,59 *10 -2 

0,240-10-1 

0,753*10-1 

0,160 

q 9p ® 

1,0 

0,303-10-i 

0,448-10-1 

0,974.10-1 

0,179 

1,5 

2,0 

0,889*10-1 

0,144 

0,105 

0,159 

0,151 

0,201 

0,226 i 

0,271 


3,0 

0,244 

0,257 

0,293 

0,353 i 


5,0 

0,411 

0,420 

0,447 

0,492 ! 


7,0 

0,541 

0,548 

0,569 

0,603 1 


10,0 

0,684 

0,689 

0,703 

0,726 


1,0 

0,219 

0,216 

0,208 

i 

0,195 ; 

dT 

1,5 

0,183 

0,181 

0,174 

0,163 

d Fo 

2,0 

0,154 

0,152 

0,146 

0,137 ! 

3,0 

0,110 

0,109 

0,105 

0,987*10-1 ! 


5,0 

0,611*10-1 

0,604*10-1 

0,584-10-1 

0.550*10-1 j 


1,0 

0,121 

0,118 

0,109 

0,955-10-1 

dB 

1,5 

D,113 

0,111 

0,103 

0,911-10-‘ . 

2.0 

0,107 

0,104 

0,975-10-1 

0,866-10-1 i 

d Fo 

3,0 

0,941*10-1 

0,922-10-1 

0,868-10-1 

0,779-10*1 ; 


5,0 

0,734.10-1 

0,721-10-i 

0,683-10-1 

0,621 ■ 10-i 
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Table 30, continued. 




Bi^ - 

o 

53 

3 ‘ 
ii 

o 



X 

x 

X 

X 


X 


IT- 1 - 00 

X-0 

R =CUa 

-£-~0,50 

7r 0,75 

i 

-R-'W 


0,276 

0,567 

0.594 

0,670 

0,785 

0,924 


0,295 

0,619 

0,643 

0,709 

0,810 

0.932 


0,332 

0,699 

0,717 

0,769 

0.848 

0,944 


0,413 

0,814 

0,825 

0,857 

0,904 

0,963 


0,481 

0,872 

0,880 

0,901 

0,934 

0,973 


0,588 

0,931 

0,935 

0,947 

0,964 

0,985 


0,723 

0,978 

0,979 

0,983 

0,988 

0,995 


0,803 

0.993 

0,993 

0,994 

0,996 

0,998 


0,873 

0,999 

0,999 

0,999 

i 

0,999 

1,000 


0,265 

0,714.10~i 

0,134 

0,311 

0,579 

0,898 


0,273 

0,118 

0,177 

0,344 

0.598 

0,901 


0,289 

0,206 

0.259 

0,408 

0.635 

0,907 


0,327 

0,394 

0,433 

0 546 

0,718 

0,926 


0,364 

0,539 

0,568 

0,654 

0,784 

0,943 


0,433 

0,73*4 

0,751 
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the gradients of transfer potentials increase. Following stabilization 
of the processes inside the material (for a plate Fos=0.2; fora 
sphere Foss 0.4) the heat transfer Biot number begins to influence 
only the thermal characteristics of heat and mass transfer 


( ^ ^Fo) anc * ^ 0es not in ^ uence the mass transfer characteristics 
( d Fo) * Conversely, the mass transfer Biot number influences 


only the mass transfer potentials (see Figs. 34 and 35). For all 
calculated values of B\ Q the drying rate could be represented by a 
single curve (see Fig. 36). 

Figure 37 shows that for an increasing 0 it is necessary that 
-^crease and decrease. The rate of change of both dimen¬ 
sionless numbers is approximately the same. The experimental data 
for Bi m obtained by P.B. Lebedev and A.F. Chizhskiy agree with 



Fig. 34. Heat and mass transfer potentials 
as a function of Biq for an infinite plate. 
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Fig. 35. Heat and mass transfer kinetics as a function 
of Bi m for an infinite plate. 


these results. The opposite situation obtains for increasing T it 
is necessary that Bi OT decrease and Bi^ increase. Under actual 
process conditions both the mass transfer and heat transfer Biot 
numbers are dependent on each other. Their relationship can be 
expressed mathematically by means of heat and mass balances. A 
change in the heat transfer Biot number requires a change in the 
mass transfer Biot number, although their numerical values are of 
the same order of magnitude. 

With increase in both Biot numbers, the temperature increases 
considerably, the rate of heating increases and at lower values of H 
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Fig. 37. Dimensionless heat and m,ass transfer numbers 
as a function of f and ©~. 


a stationary regime prevails. Drying proceeds at a faster rate and 
deeper layers of the material are affected. 

Among the dimensionless numbers for heat and mass transfer we 
also have the Kossovich (Ko) number and the Posnov (Pn) number. 
These two- dimensionless numbers resemble the Biot number, but 
they characterize only the internal heat and mass transfer without 
any definite connection with the process occurring in the external 
medium. The Kossovich number is the analogue of the heat transfer 
Biot number; the Posnov number is the analogue of the mass transfer 
Biot number. The Pn number influences only the mass-transfer 
potential field, while at the same time the Ko number influences the 
temperature field (Fig. 38). With increasing Pn and Ko numbers 
the dimensionless (average and local) mass and temperature poten¬ 
tials decrease linearly. This linearity applies at all values of Fo. 
With decreasing Pn numbers the rate of drying increases and the 
process proceeds at lower temperatures of the material — which 
may be a desirable condition. Calculations show that a decrease in 
the moisture content results from a sharp decrease of the Pn num¬ 
ber.^ (See Fig. 37.) Such behavior has been verified by experiments. 
An increase of the Kossovich number results in an increase of 0 
and a decrease of T. The dependence of T and 0 on these internal 
heat and mass transfer parameters is just opposite to their depend¬ 
ence on the external heat and mass exchange parameters. 

The nature of the dependence of heat and mass transfer on the 
and Pn numbers underlies the method of handling experimental 
drying-out data worked out by Lebedev. P. D. Lebedev demonstrated 
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Fig. 38. Dependence of transfer potentials: 
a — on Pn, and b — on Ko. 


d 0 

that for any drying method, the quantity-^-— can be uniquely deter- 

Bi 

mined by two parameters: the ratio-—-and the amount of moisture 

removed (1 — u). It was shown above that surface mass transfer is 
characterized by the Bl m , number, and internal mass transfer by 
the Pn number. Consequently, the two numbers completely charac¬ 
terize mass transfer in any given body. 

Thus, 0 and , the quantities that define mass transfer 


processes, should be completely described by their dependence on 
the Bi m and Pn numbers. This dependence should hold equally well 
for different methods of drying, because the mechanism of heat and 


mass transfer remain the same. , 

From the foregoing analysis it is to be expected that the Biq 
and Ko numbers completely characterize heat transfer m y 
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given body, since surface heat transfer is characterized by the 
former and internal heat transfer by the latter. The roles played by 
B[ Q , Ko, and Bi^ /Ko in heat transfer should be analogous to those 
of Bi m , Pn, and Bi m /Pn in mass transfer. 

The role of the phase transformation number s in heat and mass 
transfer is like that of the Kossovich number. The difference be¬ 
tween these two numbers lies in the magnitude of their effect on 
thermal characteristics: the effect of e is less pronounced than that 
of Ko. Similarities in the effects of e and Ko on heat and mass 
transfer, as revealed by graphical representation and analysis of 
general solutions, indicate the existence of a functional dependence 
of the one dimensionless number on the other. 

In this connection, it is of interest to assess the effect of the 

term describing phase transition (internal vaporization) ■ - 4^- 


see equation (I) — on the distributions of heat and mass transfer 
potentials and also on their rates of change. The influence of this 
term can be evaluated by comparingthe results of calculation based 
on the solutions of the system of equations (I) to (VI) with both 


negative and positive signs for 


flfJL i n this case the differ¬ 
ed d x 


ence in the results amounts to twice the effect of the phase-transi¬ 
tion term. Such calculations show the doubled effect of the phase- 
transition term upon the individual parameters to be as follows: 


Table 31 


For the depend- 

Average arithmetic % effect 

ence on the 
following 

T 


dT 

dO 

dimensionless 

numbers 

G 

d Fo 

dio 


Lu 

20 

4 

2 

10 

(13 — 25) 

(1-6) 

(_4- + 7 ) 

(3-16) 


15 

4 

5 

9 

(12 — 21) 

• (4) 

(2-7) 


Bim 

20 

4 

8 

9 

(19 — 21) 

(3-6) 

(4-12) 

(8-11) 

Pn 

21 

4 

6 

11 

(24—18) 

(0-7) 

(-8—22) 

(5-16) 

Ko 

21 

3 

6 

12 

(6 - 36) 

(-2-+ 8) 

(1-13) 

(8-16) 

Average effect 

19,4 

3,8 

5,4 

10,2 
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Thus, the most important effect exerted by this term is on the 
temperature field; there is almost no effect on the mass potential 
field (2%) and the heating rate of the material (3%); the average 
effect on all parameters is approximately 10%. The effect of this 
term on the dimensionless drying rate is also small; its numerical 
value is only 5%. 

In cases where there is heat and mass transfer in an external 
medium with a time-dependent temperature, the general solution 
will contain the Predvoditelev number. The latter characterizes the 
rate of change of temperature of the medium. Let us analyze briefly 
the effect of the Pd number on heat and mass transfer when the 
temperature of the external medium decreases linearly with time. 
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Fig. 39. Transfer potentials as a function of Pd and Fo. 


The dimensionless temperature, when plotted as a function of 
Fo, initially increases, reaches a maximum and then decreases, 
(Fig. 39). The higher the values of Pd the sooner (i.e., at lower 
values of Fo and 0) the maximum temperature of the material is 
reached. 

Until the maximum temperature is reached the surface temper¬ 
ature increases at a much higher rate than the temperature in the 
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center of the material. After the maximum temperature is reached, 
the surface layer begins to cool because the temperature of the 
external medium at that time falls below the temperature of the ma¬ 
terial. However, because t a > t u , heating of the center of the material 
continues. As soon as t a ~t n all layers of the material undergo 
cooling. Knowledge of the exact time at which the maximum tem¬ 
perature is reached, and of the absolute value of the maximum 
temperature, is important for the correct design of any drying 
process. In order to prevent condensation from the external medium 
on the material, thedryingprocess should be distontinued at Fo T 

max 

The heating rate decreases linearly with increasing Pd. The 
changes in the mass-transfer potential and heating rate with the 
Predvoditelev number are insignificant: with increasing Pd and Fo 
both the mass-transfer potential and the drying rate increase. Thus, 
at Fo=0.4 the increase inthedrying rate, when Pd increases from 
(K25 to 1.0, amounts to 8.5%; and the change in the mass potential, 
(6) is 3.5%. The corresponding values at Fo =0.8 are 11.8% and 
5.3%, respectively. With increasing values of Lu, the dependence of 
0 on Pd remains^as indicated. This dependence however occurs at 
higher values of 6. 

The initial distributions of temperature and mass-transfer 
potential influence the heat and mass transfer only up to a certain 
value of Fo. Thus, beyond Fo>1.0) the value of W can be neglected 
for all practical purposes. The value of V, however, should be taken 
into account up to the values of 0 X = 0.7 and Fo =2.5. 

In conclusion we shall consider the influence of the configuration 
on heat and mass transfer. Figure 40 shows that as the shape factor 
f increases, the average temperature of the body decreases (at 
constant mass concentration). The drying rate throughout the entire 
process is considerably higher for a sphere than for an infinite 
plate. The lowering of the drying and heating rates with increase 
in 0 is more pronounced for bodies with larger values of F. Thus, 
an increase in F causes a considerable rise in the drying process 
and lowers the average temperature of the material. Therefore, it 
can be concluded that a sphere can be dried more efficiently than a 
cylinder, and a cylinder can be dried more easily than a plate. 

The heat and mass calculations can be considerably simplified by 
neglecting some of the dimensionless numbers. The simplified 
dimensionless equations for average heat and mass transfer varia¬ 
bles can be presented as follows: 


' T = T ( Fo ’ Lu > Pd ’ W) ’ 

0=e(Fo, Lu,-|^-,Pd,V), 
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Fig. 40. The influence of the shape factor 
on internal heat and mass transfer. 


df_ 
d?o ‘ 

de 
d Fo 


= ?l (Fo.Lu,~-,e, Pd, l', IV’), 
— 9 1 (Fo, Lu,-^-,P(U0. 


In cases where the temperature of the external medium is con¬ 
stant Pd = 0. With uniform initial temperature distribution and mass 
transfer potential, V = 0 and W = 0. In cases where the heat and 
mass transfer processes are stationary, Fo — cn 
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7. HEAT AND MASS TRANSFER 
IN A LAYER OF MOIST MATERIAL 


The system of differential equations (I) to (VI) describes heat 
and mass transfer within a single body. It is of interest to generalize 
this system of equations to that case in which heat and mass transfer 
processes occur within a layer. To begin with, such systems allow 
us to neglect a certain number of considerations (limitations) which 
are necessary in the complete analytic description of processes 
occurring within a layer. In the majority of work published on heat 
transfer and drying, the particles of the layer are considered to be 
very small and consequently the gradients of heat and mass transfer 
potentials in the particles are neglected. The layer of the moist 
material is regarded as a continuous medium with continuously and 
uniformly changing temperature and mass potential. For the ma¬ 
jority of actual processes that occur in a layer, the size of the 
elements of the layer is not insignificant in comparison with the 
dimensions of the layer itself. Moreover, if the temperature of the 
external medium is high, then the potential gradients in the material 
will be large. In such cases, it is incorrect to regard the layer as 
a continuous medium. The generalization of the system of equations 
(J) to (VI) ought to provide a connection between the surface temper¬ 
ature of the particle and the temperature of the external medium. 
Such a generalization at the same time willprovide a more complete 
and more accurate accounting of the temperature change of the 
external medium. Therefore, this section can be considered as an 
extension of the material presented in Sections 2 and 3. 


a) Statement of the Problem: The System of Differential Equations. 

Let us consider a layer of moist material consisting of spherical 
particles of radius R. The external medium is a heat carrier moving 
through this layer in the direction tj , at a constant rate v . The 
ambient temperature around the layer is C The initial transfer 
m l he pai ? lcles of the la Y er ar © *o and 6 0 (i.e., until the 

latter \s S p make COntaCt Wlth the heat car rier). The porosity of the 

^J!,f diati ° n ^ ithin the layer and heat conduction (by physical 

of tSf^PnL? ePartlCl t S ° f the layer are ne & lect ed, the system 
of transfer-equations may be written in the following form: 




dr 2 

a dr J m > 


+ 


dr 

(r, 
dr 2 



with 
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,x„^± +a 


- J- -r - -(1 - s)p^ m = 0, (7.1) 


' dQ (/?,x) 8 d£]M 

dr ^ dr 


+ q m = 0 , 


dn c p t p p 

dH0,t) _ d 0 (0, x) Q 
dr dr 


H = 0 t c = t° c = const, 

t)='u t f=* # = const, A = 0 o = const. 


b) Dimensionless Equations for Heat and Mass Transfer in a Layer. 


From the system of equations (7.1) we obtain new dimensionless 
numbers: 

The dimensionless time Ho, which is defined by 


Ho = 


tit 


R 


the Margulis numbbr, which is a measure of the ratio of heat 
transferred to the particle to the heat given up by the external 
medium (heat carrier) while moving through the layer, 


Mr 


a 

vc p y ’ 


and the Miniovich number, which consists of dimensions 
characterizing the geometry of the layer, 


P 

nj /") 

Since Ho = FoPe, where Pe = — — is the Peclet number, the 

CLq 

dimensionless equations for the layer of the moist material can be 
written in the following form: 

T --= T (Fo, Lu, Bl, , Bi m , Ko, Pn ,t, Pe, Mr, 

Mn, W, V, x/R, ’q!R), ( 7 - 2 ) 

e = 0 (Fo, Lu, Bi„ Bl m , Ko, Pn,«, Pe, Mr, 

Mn ,W,V,xlR,nlR). ( 7 - 3 ) 





172 


Non-Stationary Fields, Boundary Conditions of 3rd Kind 


The number of independent dimensionless parameters is con¬ 
siderably smaller than the number of dimensionless parameters 
appearing in (7.2) and (7.3), because those that do appear are inter¬ 
related. 

c) Solutions for the Temperatur e Distribution in the Particles and 
in the External Medium (Heat Carrier) for p = (X 




sin^ 


c I'Q 

r 


■MrMn-^-j X 


x -— exp [ r 3 ( 

ft* — 1 


PeFo - 


R 




r rt 


+ B4 (B4 — J) 
Bi„ 


+ 


sm 


r v?K 3 |PeFo--|-j + X 

r 

R r ) n 

r cos —— | MrMn exp X 

R 

H*>( PeFo-i)] + ... 

T ‘ ~ “ 1 A ' M ' Mn "5 exp X 


H 


X 


Here 


X —p\K Z /PeFo-2- 

1 \ £> 




A, = 2 Bl, 

}*» — sin [i. cos (i B 

/C s = 

Bi ? c ,To 

and p* are the roots of the characteristic equation 


tgp = — 




Bi ? — 1 



CHAPTER III 


Non-Stationary Fields 
of Heat and Mass Transfer 
Potentials with Boundary 
Conditions of the First Kind 


In some thermal and chemical systems, for which heat and mass 
transfer coefficients are to be determined, it is necessary to main¬ 
tain constant heat-and mass -transfer potentials on the surface of the 
system. The boundary conditions for such processes are referred 
to in mathematics as being of the first kind. The solutions of the 
system of differential equations (I) and (II) for heat and mass trans¬ 
fer in this case can be obtained from the solutions of the correspond¬ 
ing problems contained in the previous chapter by putting the Bi q 
and Bi m numbers equal to infinite. The solutions of equations (I) 
and (II) with constant values of the average mass transfer potential, 

R 

0(i=,T)^=f) o = const (VII) 

0 

and with constant temperature on the surface of the body, 

*(/?,*) = 0, (VIII) 

are given below. The results given in Section 1 were obtained on the 
basis of solutions presented by S. P. Kuznetsov; the solutions given 
in Section 2d were obtained by E. I. Sizyakova, and in Section 2a and 
2c by S. P. Kuznetsov. 

1. NON-STATIONARY FIELDS 
OF HEAT AND MASS TRANSFER POTENTIALS 
WITH UNIFORM INITIAL MASS CONCENTRATION. 

a) Solution for an Infinite Plate (5 = x, P = 0, t(x, 0) = t 0 = const, 

6 (x, 0) = 0 O = const). 


The general transform solutions of (I), (II) can be written in the 
following form: (See Chapter II, Section 1): 
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tt(x,s) = -^- + B 1 ch^~ v 1 ^+B 2 ch|/ X 'JL^x, 

(U) 

e L (x, s) = A + B, (1 - v*) ch j/Z Vl , + 


+ 4-^d-i)ch|/Jv^, 

where 

'!“T[( 1 + Fe + n)+(-»'x 

(1.2) 

X V (> + F ' + n )‘-u ]■ 


B 1 and B 2 are constant with respect to x. The latter will be deter¬ 
mined from boundary conditions (VII) and (VIII), which in terms of 
transforms can be represented by the following: 

R 

~ j* 9 (*, s.) dx = -?2-, 

0 

(1.3) 

t L (R, s) = 0. 

(1.4) 


In order that solutions (1.1), and (1.2) satisfy conditions (1.3) and 

(1.4) we have 

v 2 (l-vf)fi!sh ]/■^- Vl £ + (i_ v 2 )ViBaShx 

X Vi V2 * = 0 - 0-5) 

BlCh l/4- v ^ + ^ ch |/"^ v ^ + T ==0 - < L6 ) 

B x is obtained from equation (1.6) and substituted into equation 

(1.5) : 

= v 2 (1 — vf) t 0 sh ~ hR X 



Non-Stationaxy Fields, Boundary Conditions of 1st Kind 

Xs t ,l(I -'3 sh «>R- 


175 


Then, 


fi i = v i <1 — v i)^ 0 sh j/jL v s ^x 
s v^l - v2)sh iX"^-v J /?chl/'-i Vl ^_ 

u r w> <7 K #<7 

(i ~ sh 


Consequently, the transforms for the transfer potentials take the 
following form: 


t L ( x , s) 




s[/C,sh|/-i,,«ch 


sh 




|/ a; v ‘* ch 1/ a^' > "- x 


sh 


V J, ^ ch 1/?’'*] 


, ®i(») 

t'O 

Hs) 


(1.7) 


e n 


s) 


(l ~i)V 


£ sh V£_"* x 

s /f 4 sh ]/■Vj £ X 

x ch ]/" vi ^ ~ sh i/^ vijRch y o* 


where 


Xch/^-sb/^-.Rchl/iv,* 


<*0/1 9v 

^ (1 ,!) « S ) • 


( 1 . 8 ) 
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In order to obtain the inversions of t(x, f c) and 0(^, t) we shall 
utilize the expansion theorem. 

The expansion theorem is applicable because expressions (1.7) 
and (1.8) can be represented as ratios of generalized polynomials 
with respect to s, where the exponent of the polynomials in the 
numerator is smaller by one than the exponent of the polynomial in 
the denominator. 

We shall now find the roots of <|)(s) equal to zero. Here we have 

1) zeroth root, 5 = 0, 

2) roots satisfying the following equation: 

KiSh \f i '* Rch V\ 57 v ^- sh j/ v ^ ch V 57 ^ R =°- 

The above can be represented as follows: 


where 


K^sinM y. cos p — sin cosN = 0, 



(1.9) 


Equation (1.9) has an infinite number of real simple roots, which 
are the common roots of the system of equations 


sin p = 0 | 
sin Np = 0 J 

and the roots of the following equation: 

ctgA> — KiCtgp = 0. 


0 . 10 ) 


( 1 . 11 ) 


The system of equations (1.10) contains general roots only in that 
case when N is a rational fraction. The numerical values of the 
roots of equation (1.11) can be obtained by a graphical method. For 
equation (1.7) the expansion theorem will be written in the following 
form: 


t (*, t) = — 



lim 

S ->0 Y (s) 


OO 

+ S 

Z = 1 


g s,x 

f («,) 


+ 





( 1 - 12 ) 


In order to determine the first term of equation (1.12) we shall 
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represent the ratio <&x ■ --- as 

ns) 


where 


^ [ 1 + 21 (l/ a a v ‘ x ) + - ~ 

5 ’■*)’-+-]■ 

. 1 + ar(]/"57* ,j: ) + x 

:'+5r(/4_^)’ + -]x 

_ si * V 

x 

Sh l/s7’-* 

* ! + 3t(i/T’‘ r ) J+ ' 


~ h R 1 + or 


v*/? l + 


v 2 ^ +... 


Differentiating the denominator of equation (1.13) with respect to s 
and obtaining the limits of this expression as s~> 0, we get 

lim AfiL = 1 
i -0 'K (s) 

In the second term of equation (1.12) the summation is conducted 
with respect to the general roots of the system (1.10). Let us denote 
the general roots by p>. =v, /it, with t = 1, 2, 3... Then, substituting 
trigonometrical functions for the hyperbolic functions, we get 

cj.,. ( 5/ ) = — i |/<,, sin N [j., cos p-i - -sin p, cos N p, ~-j = 

= — i [ K t sin v 2 /it cos Vj l re - - 


■ sin v, Ztt cos v, / 7t — I = 0, 

R I 
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and 




t[K< 


N 


Y'l 


Pi 


cos N fx z cos Pt — ~ J ~ 2 ~ cos Pt cos 




— i-~- (K t N — 1) cos N (i, cos (i, =t= 0. 


Thus, 


"W exp(s,T)=a 

hi the third term, the summation is conducted with- respect to the 
positive roots of equation (1.11) and, consequently, 


2 % 

ib' 


00 

-*2- 


^1 (fn) s n T 

Kt sin Np a cos u..—- 

R 


n-l 


V-n[(NKi— 1)C0S(J.„C0S N\l rl + 


~ sin cos N.\i na 
~+ {N — TQ sin |i n -sln N p, n ] exp ^ ^ Fo j ’ 

Substituting for the appropriate terms in equation (1.12) we get 


t (*, -t) 


where 


m "0 
oo , 

= -£( c in cos[»„ —c 2n COS N jexp^— -i-Fo j, (1. 


14) 


C u = 


2 K 4 sinNfi„ 


UnKUKt- 1) cos ft, coslV^T^Z^) sin,,; sinA/^]’ 

C 2n = ---- - ^ S ^ n M'n 

^-Dcos^ cos Ny. n + (N —K t ) S i n ^ sln ^„]' 

^ w! S 6 r tS °, f the characteristic equation (i.ll) 

tial in an infinite pllt^S^e ^ 3 transfer P oten " 
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0 O 6 (#, t) 



lim 

s -*»0 


®2 (S) 

f (s) 


I V ( s l) s / x 4- V 1 ®5 ( s n) p s n x 


+ 


(U5) 


By means of a technique analogous to the method employed in deter¬ 
mining the first two terms of equation ( 1 . 12 ) it can be shown that 
the corresponding terms of equation (1.15) equal zero. The third 
term yields 


( S n) e s n x -a 

» ["If s in^ ^nCosi»„ — 

= 2 L' 'pn'iWKi—l) cos [i„COS N |J,„ -f 

/I —1 

— sin cosW ().„ -£-]exp (-^~-Fo) 

4- {N — /(*) sin [j.„ sin iV 

Thus, for the mass transfer potential field we finally get 


0 O — 6 ( x , -c) 


1-vf 


where 


. Ko, £ C ‘" “ S '*■ TT -CS * cos " 1 X 

n «1 V 

X exp -^f-Foj , 


fl.16) 


C * 1 /-» 

1 n yyr jjrr~ v-q n , '-'2 n — ^ 2 n» 


P C X 0 O 

Koi = —7 is the Kossovich number, 

Cq ic 

and ivare the roots of characteristic equation ( 1 . 11 ). 

The average values of transfer potentials are determined by the 
following relationships: 


R 



o 


t ( x , t) dx, 


•M 



x f t) dx . 
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The average dimensionless temperature is 



and the average dimensionless mass-transfer potential is 


(1.17) 


where 



i-vf 

sK 0l 


D* exp 


/*-i 



( 1 . 18 ) 


D n = C ln 

sin 

- —C 

sin N fx n 


1»» 

n 

■ Ai»» 

D* = C? n - 

sinp. n 

r* 

sin JVix w 


Pn 

— ^2n 

r rz 


for “^tl^Tbe r XfS‘hi°?S SS ra ‘ 6S ° f Chan ® e *>”> 



X exp 
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b) Solution for a Sphere 

(£ = /*, r = 2, t (r v 0) = * 0 = const, 0 (r,0) = 0 o = const). 

The general transform solutions of (I) and (II) can be given as 
(see Chapter II, Section lb): 


t L {r,s) = sh v, r + 


+ 


— sh ~i/~ 

r V a,. 


V, r. 


0-19) 


6 " ' c B l sh j/-l 


(r > s ) “ "7“ + ~ (! —v i) r 


V, r-h 


+ — (l. —v|) -~ 2 - sh 1 f — 
sp r |V a q 


( 1 . 20 ) 


In order that equations (1.19) and (1.20) satisfy boundary conditions 
(VII) and (VIII) we have 


B 


‘ sh l/7r’- /? + B ' !h V' 


JL. v p 4. BJl — o 
a, + s 


( 1 . 21 ) 


\f~~ v i R ch ]/vj R — sh 1 f — v L R 
(1 —V?) Bj — -^2- V a * V CLq 


V-k" 


R 


+ ( 1 — V 2 )^: 




7T v ^ ch 

L+q 

< 

i 

shj 

vi"* 

1 

(l 

/?-*] 

2 

1 


( 1 . 22 ) 


Solving equations (1.21) and (1.22) simultaneously for and S 2 . 

we get 


5 >= - IT * ■to ( v, R Ch v 2 R V, *) 


X 
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X s [ ~W~ sh ]/" v iRX 

X {V r -t''X ch ]/ r -~',R-sh _ 



tions for *che(r tbu «m of hsS e »°!! eratl0M ’ the tran8for ”> 8 °lu- 
be written as follows- at an< * mass transfer potentials can 
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v»r 


• sh 


c Rt 0 \ — 4 


RJo 0_i(£) 

r 4>(s) ’ 


(1.23) 


— - Ql (r, s) 
s ' ' ep r 


N'‘ 


X 


X 




s [«(/-t ’•* tl l/ir ,sR - sh l/ ir ’■*) x 
x sh 1/17 ,v ‘( l/X ' iP ' :h |/ 

- sh l/^r 

[/■ ir-> p - 

lR ) sh V / ^ 7 < *’' 

-- sh i/ ■», •* 

_ ^ 
e p r 

R) sh |/j-. sR - 

0-i) ®a(5) no,, 

/V 8 (s) ’ U ’ 


where the values of 'I>]/s), <I> 2 (s) and t(s) follow directly from equa¬ 
tions (1.23 and (1.24). K* and N were determined above. 

In order to obtain the inversions t {r, t) and 0 (r, x) , we shall use 


the expansion theorem. The ratios and can be considered 


ratios of generalized polynomials with respect to s, to which the 
theorem of expansion can be applied. The common denominator <|i(s) 
has the following roots: 
a — zeroth root, s = 0, 
b — the roots of the equation 


Ki 

aT 



v s R ch 





v a /?)x 

V J /? - 


■sh j/ 


r 


'>X R ) sh 


V 


a q 


V, R = 0, 
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which can also be rewritten in the following form: 

i^-( S in A/w — AfsicosiV^sinp — (sin ? — i-^cos '*) sin A/> — 0, 
N 

where 



The above equation is satisfied by the common roots of the fol- 
lowing system of equations: 


(L25) 


sinn = 0 
sin N jj. = 0 

(i.e., when N is a rational fraction), and by the roots of equations: 


IS 

K t p tig N p - p ctg p — -^r+ 1 =0- 


Applying the theorem of expansion to equation (1.23), we get 


(1.26) 


t (r, t) - = 


Rt, 


lim 


(S) 


r |_j»o Y(s) 

+ l'Tw" ‘ Y+ ?,i ! Sr ■ (1 ' 27) 


Here, 

s t are the common roots of the system of equations (1.25), 
and 

s n are the roots of equation (1.26). 

If s is set equal to zero in the ratio then equation (1.27) 

will be indeterminate. Therefore, we shall first expand the hyper- 

ciTY^r^^ 1008 enterin ^ 5111:0 t( s ) as infinite series and then 

simplify to get 
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where the last term is 

sh1 r 
sh l /-k"' R *’ 

Differentiating the denominator of the ratio with respect to s and 

obtaining the limit of the fraction -~ 1 ^- at s - 0, we get for the first 

r ( s ) 

term of equation (1.27): 

Ilm ( M S ± = jl 

s~o f(s) R 

We shall now find the second term of equation (1.27). The com¬ 
mon roots of the system of equations (1.25) are ^ = [i Ik, at / = 1, 2, 

v ct 

3... , if A/ = ~ is a rational fraction (a and (3 are integers). 

It is easy to demonstrate that 

<I>1 (s,) = |J. ; COS (A, sin N p, —- N cos N p, sin }«., 
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W«-~|. 1 Ar l * l cosp, coaN^i _ jl) . 

because 

cosjij - cosp/ic = (— l) p ' and cos Nft = cos alt: — (—l) a! , 
then we finally get for the second term of equation (1.27) 

V ®i( s i) 

exp (S/1} = 


«P/tc(— i )^ 1 (_ i yt ^ j _ Kt} j 

X exp (- 

\ Jr 2 1 ■ 


The third term of equation (1.27) is 

(Sn) = ~f (sin N ^ ~ N cos N ,*„) sin (i„ —- 

R 

(sin ft, - cos ^ sln 

<j/(si=j_r Ki . R 

' ' n ' 2 ^ n cos ^n(sinN ^ n ~ N p n cos jVftJ — 

- ^ ft, COS Af ft, (sin ft, — ft, cos p, n ) _)_ 

+ (WAT, — 1) ftj sin ft, sin AAft, J . 

described as follows^ 6 ** potential distribution in a sphere can be 


sin ait/ -L. 


sin p 7c / — 

e 2 i —.— a. 


$ 2 kH 2 
— 2 — Fo 


X exp 
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00 

+S 


sin (v 


R 


n** 1 


r 

~R 


sin Nii~\ 

__ R_ 

r 

~R 


X 


where 


( 2 

X exp j — -T- Fo 

v i 


Eu = 


2 A/ 


( — 1 )* * (A/ — K t ) a tz l' 


Eu ■ 


2K t 


(-i 


c ln = 




2jK) 


+»' 


K. 

~N 


% ’ *" tn ' 

<P F n ) = sin N f« — N |t„ cos M p n , 

<P (f„) = sin (*„ — cos (»„, 
r I ‘■n cos |i n cp (N fi n ) - Af (),„ cos AT |i.„ <P ((*„) + 


H- (A//C 4 — 1) Fvi sin f„ sin A/ ;i n . 


(1.28) 


The distribution of mass-transfer potential in a sphere can he 
obtained by a method analogous to the method used in obtaining equa¬ 
tion (1.28). 

The solutions obtained are 


Op - - 0 (r , t) 

rj„ 


i-v; 


*Ko, 


Sin arc l — 

El *1 * 


1-1 \ 


r 

~R 


sin Btc l~ 


/? 


" 2 / 




r 

¥ 

sin f„ 


exp 


K-?-) 


+ 


/? 


sin N \>. n 


n •• 11 


r 

aT 


° 2 b 


/?■ 


r 

/? 


exp X 
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(1.29) 


where 


E^i — E \i , E 2 i — , E21 > 


1 

m 4 




nk 4 


'Cj tt , = C 2 n . 


In the first term the summation is conducted with respect to the 
common roots of equation (1.25), and in the second with respect o 
the roots of the characteristic equation (1.26). aand p are integers 

and N = — = — is a rational fraction. 

Vl ^ 

The average values of transfer potentials for a sphere are deter¬ 
mined from 


R 



R 

6 (*) = ~j* r*Hr, *)*r. 

() 


In dimensionless form the potentials are 


^0 


exp 

I-1 



+ 


VzM 



+S D « exp 



(1.30) 


(1.31) 
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+ S ! T^exp/-iFoV 


+ 


n—i v < 


d 

6 (r, t) - 

1 1-v* 

dFo 

% J 

sKo x 


m 


am tiTt l ■ 




r 


sin Ptu /—\ 

r 1 )“p [-ftTH-lf* 


sin (i n — 

x| c*-« 


- c; 


sin A^|x n — 


r 

~R 


In 


d 

dFo 


X 


6 CO 

®0 J 

*t\* 

Fo 


r 

~R 

e KOi 


i? \ ( \? n 

~ I ex P (- 7 F 0 




'2 D «% ex p (-7F0 
<1-1 v . V V, 


,* 2 

r rx 


°) Analysis of the Solutions, 

tion of transfer potentials^ is^det^ ^ i^ 29 * Show thatthe distribu¬ 
tees numbers: Fo and Ko (nr e 5 m , ined the foll °wing dimension- 

shown in Section lb of Chantin’ > and v *- The latter . as 

= «K 0l Pn,. Chapter II, are functions of Lu and Fe= 

Consequently, 


t-U 


= /i(Fo, Lu, aKOjPnj,— 


6,-0 


~/ 2 Fo, Ko x , Lu, 2 K 0l Pn a , —) , 


R j 


i-e., the heat transfer 
vice versa. 


cannot be separated from 


(1.32) 

(1.33) 


mass transfer and 
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conclusions The transition from solution’s of heat and masVSmsfer 

problems with boundary conditions of the third iH„d +“ v., Ie r 
with boundary conditions of the first kind simplifies the 
solutions due to the following reasons: 1 ) the Biot numbers are 
excluded from the solutions, and 2) the dimensionless numbers 
(b, Koi, Pn,) , can be combined by means of the Fedorov nXber 
In conclusion we shall give an example of a calculation of the 
temperature and mass-transfer potential fields for an infinite Dlate 
The heat and mass transfer properties will be assumed to have the 
following values: 

c t~ 0>45 Kcal/kg-°C; a„=0,865-10- 3 m 2 /hr; a„=0,15 kg/kg; 

a m =0,13-10- 3 m 2 /hr; 6=1-10- 3 /°C ; t 0 =90°C; 

P=560 Kcal/kg; e=0,09; f =0°C. 


Here we get 

Lu = -^- = 0,150, 

CLq 

Koi = = 1,44, 

Cqt o 

Fe= = 0,112, 

c <, 

v i=0,993, v,,=2,61, A/=2,63, tf 4 =-147, t*.,=l,19, n 2 =l,58. 


Table 32. Distribution of dimensionless temperature 
in an infinite plate. 


X 

t (x, T) 

^0 

Fo=0,l 

Fo=0,5 

Fo=l,0 

Fo=l,5 

0,0 

0,900 

0,290 

0,096 

0,024 

0,2 

0,918 

0,338 

0,098 I 

0,029 

0,4 

0,783 

0,287 

0,083 

0,024 

0,6 

0,568 

0,208 

0,060 

0,017 

0,8 

0,295 

0,107 

0,030 

0,009 

1,0 

0,000 

0,000 

0,000 

0,000 
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Table 33. Distribution of dimensionless mass transfer 
potential in an infinite plate. 


X 

e 0 

Go 

R 

'Ti 

© 

© 

*TJ 

O 

II 

© 

~Cn 

Fo-1,0 

Fo= 1,5 

0,0 

-0,026 

0,149 

0,079 

0,049 

0,2 

0,002 

0,079 

0,068 

0,041 

0,4 

0,084 

0,060 

0,034 

0,018 

0,6 

0,093 

0,004 

-0,016 

-0,013 

0,8 

—0,041 

-0,093 

—0,071 

-0,042 

1,0 

—0,275 

-0,197 

—0,112 

-0,059 


The dimensionless temperature and dimensionless mass poten¬ 
tial, calculated from equations (1.14) and (1.16), are given as func- 
x 

tions of — in Tables 32 and 33. It should be noted that only two 

A 

terms of the series were employed in the calculations. 


2. HEAT AND MASS TRANSFER 
WITH CONSTANT MASS CONCENTRATION 
AND IN THE ABSENCE OF PHASE TRANSFORMATION. 

The analytical description of certain cases of heat and mass 
transfer with boundary conditions of the first kind, (VII) and (VIII), 
can be obtained from the solutions of correspondingproblems of the 
preceding section by finding limiting forms of the solutions. (See 
Section 5, Chapter II). The same results can be obtained from a 
direct solution of the incomplete (5=0, 3=0 , etc.) system of dif¬ 
ferential equations (I) and (II). As an illustration, let us consider 
the solutions of the incomplete system of equations for the case in 
which there is no phase transformation, that is, the mass transfer 
in the interior of the body takes place only in the liquid phase, e.g. 
when within the material the temperature £<50°C. 

a) Heat and Mass Transfer in a Sphere 

(r=2, £=r, s=0 \t(r, O)=£ 0 =const, 0 (r, O)=6 0 =const). 

In this case the original system of equations (I) and (II) for a 
sphere can be rewritten in the following form: 


d t 


ax 


*)] _ fl 

t 

( 2 . 1 ) 

: dr 2 

*['«(»•.*)] , „ a d a \rt(r , t)] 
dr * 1 m dr* 

( 2 . 2 ) 
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The transform for the temperature field (2.1) is 

sh"|/".JL r 

) _ W* V &q 


4(r, s )• 


s sh 


i/" —■ 

V Clq 


(2-3) 


The inversion of equation (2.3) will be obtained by using the expan¬ 
sion theorem. If we denote 


cl) 


< S) - Sh |/± 


r * 


t (s) = 5 sh V — /? 

a q 

then the roots of the polynomial, 4 (s), will be 
1 . $ = 0 , 


2. s ;l — 


V-l a n 

R, 


, where = i ]/ ~ R = nn(n = 1,2, 3,..) are 

r 


the roots of equation 


sh 


i/> 


/?« 0 . 


Consequently, the expansion theorem can be written in the fol¬ 
lowing form: 

= _ Wo r llm £J>) , yi® (jJ e x- 

4 r l „ 0 ns) f?y(sr) 

and the inversion of equation (2.3) is 

f 

2sin Tin —: 

(— l) rt+ i- — exp (— az 2 tc 2 Fo). (2.4) 

n 7t — 

R 

For Fo> 0.1 the series converges quite rapidly and only the first 
term of the series will be utilized. For Fo<0.1 several terms of 
the infinite series have to be used. 

Let us apply the Laplace transformation to equation (2.3) as we 
did with equation (2.2): 
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s) - s 


llL (r, S )■ 


T On 


Rt { 


^ sh ]/~5 


a < sh Vi 


0, 


R 


where 


Ul (r, s) = r 0i (/■, s). 

The solution of this equation yields 

ch 1 /if sh l/"-I 

_k_Sa__LD t 


(r, s) = B l 


+ 


!^[ sh Vi r -V a £'*Vi-A 

'~i) ssb Vi* 


(2.5) 


™ ^ transformed condition of symmetry (V) shows that B x = 0. 

mined ffom ie i 1 vm , 'T hlCh i SCOnStantwlthrespectto r > wiU be deter " 
have order to satisfy this boundary condition 


we 


B, = 




i? 


{a m — a q )s sh ~\f^-R 

f &q 

x (Yi* b Yi*-*Y?A' 


tial in a sphere has the followLg^orm^ 1011 ° f mass ~ transfer P° ten - 
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h (r, s) ~ A- = — UaR 

s r(a m — a q ) 


X 


X 


“- sh Vi - r ( Vt ‘* ch Yt *- sh Vh* 


xs S h/z s (/z^ /z R _ sh yr R )-' _ 


*t 0 R 


_ _ jj£) 

f iflm &q) >|> (s) 


( 2 . 6 ) 


Since the conditions of the expansion theorem are fulfilled in equa¬ 
tion (2.6) we shall utilize this theorem to obtain the inversion of 
6 (r, s). 

The roots of the polynomial ij> (s) are 


1) s = 0, 

j|2 ^ r 

2) s n = — , where jx n = i y ia /? = are roots of 


equation sh - 



0, 


3 ) S[ — — 



, where jj. ; = i 



are roots of equation 


Consequently, 


tgp. : = [» z . 


0 (r, s) — G 0 


f <2 ? ) 


Urn 

s-0 


f'(s) 


, y £&) v , V ®i!i) " 

tins) J- 


(2.7) 


( 2 . 8 ) 


Here 


<!''(s) = sh 





+ 
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+ •YMYl^Yi R -V;+ 
+WIjYT.^V^ Rsb Yi R - 


In order to obtain the first term of equation (2.8) we shall expand 
the numerator and denominator, 


$ (s) 

’ , in a series; divide the frac- 


t(s) 


rr fT 

tion by y —X Xy — , differentiate the denominator with respect 

to s, and take the limit of this fraction as s -* 0. These operations 
yield 

lim = 0. 

f (s) 

For the remaining terms, we get 


V-i J 0?sin j», , 


w - s,n iY YZ f - -Yf.tY + 

+ v-n COS [).„ sin ^ ~ 1 

4 W — («. Y% * -/f >*, COS-/I 

^.^.(YS: l ‘" cos Ya, 
~‘ in YliY- 

F(*i) = 4-p.fsin^slnl/'?E. 

F ^<7 




Pz* 


poteitiS e ^ 1 a's^iere^;an S be 0 wrhten 1 a^ iStri ^ Uti0n ° f mass " trajisfer 


1 O'. ~) - 9q = 2LuPn, 
®o Lu — 1 


X 



Non-Stationary Fields 9 Boundary Conditions of 1st Kind 


197 


/\ 


, ft n rn T 

sin - 7 =- 7 =.cos 


sin n — 

n tc \ 


V Lu VLu VLu 


r 

~R 


+ 


sin 


ft tc r 


y Lu 


r 

~R 


vH (sinj/Lu p-f — ]/Lu n,cos VLu V 


Z-l 


Lu sin ^ sinl/Lu ^ 


sin - 


X 


r 

7F 


• exp (— ^LuFo) 


(2.9) 


where are the roots of the characteristic equation (2.7). The 
values of the roots are given in Table 34. 


Table 34. 

Roots yt of equation tg y .« (* 


l 

! 

\H 

1 

0,0000 

2 

4,4934 

3 

7,7253 

4 

10,9041 

5 

14,0662 

6 

17,2208 


b) Heat and Mass Transfer in an Infinite Cylinder 

(r « 1 ,E = r, s = 0, t (r, 0) ==» l 0 =» const, 0 (r, 0) == 0 o = const). 

The relative temperature and dimensionless mass-transfer 
potential at any point in an infinite cylinder will have the following 
forms, respectively: 


t V *) 

to 



rt-1 


2 

lV 1 (l A n) 



exp(-i^Fo), 


( 2 . 10 ) 
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P(r,*) -e B _ 2LuPn, 
9 o Lu - 1 


1/Lu 


X 


j<tl -j=~ — 
X WLu R 


J* Pri 


* nJl (i/fe 


00 

-EvtT 


V-n J l (t*n) 
jl (VLU [>.,) 


exp (— pI Fo)~ 




X exp (- j*?LuFo) 


( 2 . 11 ) 


where j.« are the roots of the characteristic equation 


*^0 to = 0, 


and k are the roots of the characteristic equation 


Ji (|*) = 0. 


Table 35 ValUeS ° f ^ characteristic roots (*„ and 


Hi are given in 


Table 35 

Roots of the characteristic equations 


Joto = 0 and J x (fx) = o 


n or 1 


Roots pn of equa- 


Roots m of equa¬ 


tion J 0 to - 0 . 


tion ^ (jj.) = 0 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


2,4048 

5,5201 

8,6537 

11,7915 

14,9309 

18,0711 

21,2116 

24,3525 

27,4935 

30,6346 


3,8317 

7,0156 

10,1735 

13,3237 

16,4706 

19,6159 

22,7601 

25,9037 

29,0468 

32,1897 
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c) Heat and Mass Transfer in an Infinite Plate 

<r=0, i=x, e=0, t(x, 0)=/ O =const, 6(x, O)=9 0 =const). 

Here, the distribution of heat and mass-transfer potentials have 
the following form: 


tjx, J) 

*0 


GO 

s 

/i—1 


■ TC X 


2 cos (2/t — 1) 

_ 2 r 


X 


X exp 




Fo 


6 (*. *0 ~ 6 0 _ 2 Lu Pri] 

r • ^ 


Lu — 1 


X 


oo 

2 


exp 

(2/t—l) 2 - 2 Fq 1 



4 



(2/1—1) ■ 

"- 1 ( — l) n+1 ( 2 / 1 — 1 ) —— sin— 77 f=~ 
2 y Lu 


X 


X 




TT X 


i 


cos 


]/Lu 


~ sl " 1 /nr '<*<*" ~ l >Ts 


oo —i=-sin l/Lu it/ 

S y Lu _ 

( — 1)* it/cos V Lu uZ 


X 


( 2 . 12 ) 


X cos tc/-^— exp (—^/ 3 LuFo) s, 

* I 


(2.13) 


where /i=l, 2, 3.., /=1, 2, 3.... 

d) Heat and Mass Transfer in a Finite Rod 

(r=0, l=x, e=0, O)=l 0 =const, 0(x, 0) =G 0 =const). 

Let us consider that one end of the rod, located in the origin of 
the coordinates (x=0), is at a constant temperature during the 
entire experiment. This temperature is equal to the temperature of 
the external medium (heat carrier), t H1 
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£(0, x)==4=const. 


(2.14) 


The other end of the rod (*=/) remains at the (initial) temperature 
of the medium during the experiment, i.e., 


L z)=t £ =t 0 =: const, 


(2.15) 


and The side surfaces of the rod are insulated against heat 

and mass transfer. 

The general solution of the system of equations (I) and (II) with 
umlorm initial conditions (VI) and boundary conditions (VII) (2 14) 
and (2.15), has the following form: ' # 


t (Xy T) — t Q 


H ^ V 


+ 


+ S ( ~ !)” sinizn /l —~\ exp (— it 2 n 2 Foj), 

n=l ' 1 I 

_p„, (JL _ M + ^LuPnj, 
e o v l 2 ) + Lu-1 X 


X 


2 exp (— n 2 tz 2 F o,) 

flTl 




yTS 


(-1)” ft TT X 

-— cos - 


vi vlu i 


mz x 

~h sin 3-7=- sin tik 


X cos 1 


Va .. "T~yu x 

*\- nv 1 I y (—_!)* — cosT/Lu k k 
l ]V Lu ^ V'^k sinl/Luit/fe X 


X cos k it y exp (—k 2 it 2 Lu FoO 
In the above, n= 1,2, 3.... £=1,2,3..., 


Pn, = —” a 


and Foi=-^- 


Z 2 


(2.16) 


(2.17) 


(2 \ 16) a i ld ( |: 17) can conveniently be used for large 
. ,. ^ ^°i > i-e., for Foi> 0 . 1 , for then only two terms of the 

infinite series need be used for calculations. At low values of Fo 
arp U fflt te re f S can be obtained only when many terms of the series 

^““1 aCCOlUlt and therefore ^ is convenient to utilize much 
more rapidly converging expressions: 
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(2.18) 


+ 


(2.19) 


e) Analysis of Solutions . 

The temperature field is analogous to a temperature field in a 
“dry” material. The relative temperature of the body is a function 
of the heat-transfer Fourier number and of the relative coordinate 

J_ . 

R 


*( 6 , «) 

*0 


=/(Fo, 



Since the characteristic roots increase with the index, beginning 
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with Fo > Foi , we can neglect all terms of the series with the 
exception of the first. In this case the relation between the dimen¬ 
sionless temperature and time can be written in the following form: 

0 . 


U 


— ) exp (— Fo). 

A , 


Here is an initial thermal amplitude; for an infinite plate A 1 

_2 
tc ; ' 


4_ 

TZ 3 


for a sphere .4 1= — , and for an infinite cylinder 

2 


■^1 = ' 


2,405 A (2,405) 


® ~ j is ^function describing the temperature distribution along 

a characteristic coordinate — 

R ' 

is the first root of the characteristic equation (for an 
infinite plate fh=—, for a sphere p^ic, for an infinite 
cylinder =2,405); 

f® ^ modified Bessel function of the first kind and of 
the first order. 

peratures'forint ^ 1 F °^ °°- the dimensionless tem¬ 
peratures for plate, cylinder and sphere become equal to zero and 

for a finite rod 1 2 ~ _ , x . ,. 

/ H — 1 0 ■“ 1 ““ T ’ 1 * e## a lmear function of x/l. 

The field of the dimensionless mass-transfer potential must be 
described not only by Fo and but also by the Lu and Pn numbers. 

Analytical solnbons for represent a difference of two 

tte slS1eSrt£s‘tt mi 8 T te ”>Pdratnre field 

of mass 

ST* Plate, 


8 (x, t) 


= Pn, 


(f-i) 
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The values of A ^ ^ ^ -— calculated by E. I. Sizyakova for 

u 0 Fn 2 

a finite rod are given in Figure 41 as a function of Fo, xjl and Lu. 

The values of ^ -— were calculated from equation (2.17). 

°o 


The curves show that, under the influence of a variable temperature 
field in a moist material, a wave of mass-transfer potential is 
established. This wave is extinguished with time. Calculations show 
that at low values of Lu the wave is extinguished very rapidly. With 
increasing values of Lu this wave penetrates the material very 
deeply, is propagated at a rapid rate, and the value of its maximum 
increases. 

The rate of change of the mass-transfer potential at every point 
increases considerably with increasing Lu, and the linear stationary 
distribution of the potential is reached very rapidly. For example, 
at Lu^0.8 and Fo= 0.5 the distribution of moisture in a finite rod 
can be considered stationary. The local temperature (Fig. 42) 
increases rapidly at first and then slowly approaches a constant 
value which corresponds to the stationary linear temperature dis¬ 
tribution in the sample. A comparison of curves depicting the change 
of dimensionless transfer potentials at the same time shows that the 
most intensive change of mass-transfer potential takes place in the 

period of the most intensive change of 



function of the Fourier 
number and of the dimen- 


the heat transfer potential. At low 
values of Lu, the change of 0 takes 
place much more slowly than the 
changes of t. The stationary distri¬ 
bution of temperature is reached 
much earlier than the stationary dis - 
tribution of the mass transfer poten¬ 
tial. Calculations also show that the 
curves depicting the distribution of 0 
with respect to tir^e show a maximum, 



sionless coordinate Fig. 42. Dimensionless tem- 


(Lu = 0.355). 


perature as a function of time. 





204 Noa-Stationary Fields, Boundary Conditions of 1st Kind 

and the value of the maximum at a given value of Lu is the same for 
all coordinate values, hut increases with increasing Lu. 

The dependence of heat and mass transfer processes on the Lu 
number with boundary conditions of the first kind is in complete 
accord with the analysis of the dependence of heat and mass transfer 
as a function of Lu with boundary conditions of the third kind (See 
Chapter II, Section 6 ). An experimental check of conclusions reached 
in the analytical solution of the incomplete system (e = 0 ), was con¬ 
ducted by E. I. Sizyakova, who showed the presence of the maxima. 
However, in comparison with the theoretical values these maxima 
were not as pronounced and were reached much later than predicted 
by theory. Similarly, equilibrium was reached much later than pre¬ 
dicted by the analytical solutions. A comparison of the analytical 
and experimental temperature curves shows that the actual increase 
of temperature takes place much more smoothly, and that the sta¬ 
tionary distribution is reached much later than predicted. These 
results tend to show that there is phase transformation in the mate¬ 
rial (vaporization). Consequently, we can reach again the conclusion 
that it is necessary to depict the process of heat and mass transfer 
by a complete system of differential equations (I) and (II). 


3. METHODS FOE DETERMINING 
HEAT AND MASS TRANSFER COEFFICIENTS. 
(TRANSPORT PROPERTIES FOR HEAT AND MASS TRANSFER) 

S. P. Kuznetsov and E. I. Sizyakova, using the solutions for non¬ 
stationary potential fields of heat- and mass-transfer potentials 
given in Section 2, have proposed methods for determining heat- and 
mass-transfer coefficients (transport properties for heat and mass 
transfer). The practical application of these methods is limited 
because the absence of phase transformation was assumed, i.e. mass 
transfer was considered to occur only in the liquid phase. However, 
this first attempt at using the analytical solutions of the system of 
equations (I) and (II) can serve as a beginning of the development of 
new methods for determining transfer coefficients in transient 
experiments. 

a) The Kuznetsov Method. 

S.P. Kuznetsov used a spherical sample. His method permits 
the determination of the potential conductivity coefficient, a m , and 
of the thermal gradient coefficient, 8, from one experiment. The 
value of a q is found by another, independent method. The determi¬ 
nation of the coefficients requires knowledge of the temperature and 
mass-transfer potential distributions in the material. 

S.P. Kuznetsov used the following results of the analytical solu¬ 
tions as the basis of his method: 
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1 - the dependence of ~ ( - r ’ on the Fo number. This 

u 0 PHi 

dependence, as shown in Figure 43, is a unique function of Fo from 
0.09 to 0.5, and of Lu from 0 to 0.5; 



01 02 03 04 Q5 OjS 


e 

Fig. 43. —p—- as a function of the Fourier 

number with: 0. 09 < Fo < 0.5 and 
0 < Lu < 0.5: * — Lu = 0,2, 0 — Lu = 0,3, A — Lu = 0,4. 


2 — at large values of Fo the mass-transfer potential distribution 
curve intersects the straight line of the initial distribution at a 

certain point j (Fig. 44). 

Figure 45 shows that this point is a unique function of the Lu 
number for the Fo numbers from 0.09-0.30. 

We shall now illustrate the method with an example of the calcu¬ 
lation of heat and mass transfer coefficients for sand with the fol¬ 
lowing initial transfer conditions: u a — 10.9%, and f=54° C. The 
radius of the flask which contained the sand was 10 cm. The coeffi¬ 
cient of thermal diffusivity of the sand was a q = 2.3 10~ 8 m 2 /hr. 
Let t = 25 min. Then, the Fourier number will be 


Fo =-^_l== 2 ’ 2 ' 10 3 : - 2 l . .=, 0,096. 

R 2 1-10- *-60 

Figure 43 shows that at Fo =0.096 the value of 
A _ u (&> T ) ~ 


“o P n i 


0 , 212 . 




206 

The value 
u 

surface — 
Figure 44: 
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of the dimensionless mass-transfer potential on the 

{R> Tp — Mg_ ig f 0un( j f rom the distribution curves given in 
**0 


u (R, x) — u 0 

Uq 


13,3—10,9 __ 
10,9 


te 
15 
U 
13 
i 2 
1 i 
10 
9 
8 

10 9 8 7 6 5 4 3 2 1 0 

Fig. 44. Distribution of moisture content 
of the sand with radius, r (cm), during cooling. 





. 





























9b 

Z) 











^ A 












— 1 1 

— 

- ~ 










i 










1 




Fig. 45. Dependence of the Lu number on the 

relative coordinate (^) corresponding to the 

intersection of the moisture distribution curve, 
in the cooling process, with the lines of initial 
moisture (notation the same as in Figure 43). 
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The Posnov number is 


Pn t = 


a ( R , ^ — _ 0,22 

u q A r 0,212 


= 1,03. 


Consequently, the thermal gradient coefficient is 


8 = 


u 0 Pn, ___ 0,109-1,03 
t 0 54 


= 0,207-10- 2 1/ 


°C 


= 0,207 %l° C. 


Figure 44 is used to determine the coordinate 



at which the 

A 


curve u (r, t) intersects the line ti Qt This intersection is at 0.5. 
Figure 45 is used to find that this number corresponds to Lu = 0.26. 
Then the coefficient 


a m = Lu a^ = 0,26.2,3*10- 3 ==0,6.10- 8 m 2 /hr. 
b) The Sizyakova Method . 

In accordance with the analytical solutions the distribution of 
mass-transfer potential with respect to time and with respect to 
position coordinates at low values of Fo exhibits a maximum. The 
magnitude of the maximum at a given value of Lu is the same for 
all position coordinates; however, with increasing values of Lu the 
maximum also increases. This behavior of the mass -transfer poten¬ 
tial field led E. I. Sizyakova to propose a new, rapid method for 
determining heat and mass transfer coefficients from one experi¬ 
ment. For this purpose it is necessary to construct distribution 
curves of mass-transfer potential and temperature within a rod 
during a small time interval (about one hour) from the beginning of 
the experiment. The distribution curve for the mass-transfer poten¬ 
tial or for the moisture content exhibits a maximum, § max , at a 

certain point, [ — J For the same point and time, the tempera- 

ture of the sample is 1 1 (—7-1 . x * Knowingthelatter, 4 and 4 

and using equation (2.18) we can find the corresponding values of 
the Fourier number, which are denoted as Fo max . The latter oper¬ 
ation is easily performed because at low values of Fo it is sufficient 
to use only the first term, i.e., 


i(f) 




4 


erfc 


x 

T 


2J/FO, 


(3.1) 
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Substituting into the left hand part of equation (3.1) the known values 
and using tables for the values of the complementary error function 
we find Fomax. Thus, the coefficient of thermal diffusivity is 

- _ F( W P 

a Q -* 

T 

max 

Calculations show that the dependence of In Fo max on In Lu for 
every value of the coordinate -y- is linear. Knowing Fo max and the 
value of the coordinate i~ \ from Figure 46 we can find the 

\ * / max' 

value of In Lu, and then the value of Lu. The coefficient of potential 
conductivity is 


a m = a„ Lu. 



Fig. 46. F 0 


max as a function of 


In Lu. 

magnitude of the Pnl number anri m hlS per f llts us to find tlxe 
gradient coefficient, 8. Thus ’ from ° f the thermal 

previously determined value of Lu we find A °H th6 baSi ® ° f 
determine the Posnov number: Amax ‘ Hence we can 
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Pn, = 


0„ A. 



0 Q25 Q5 q7S Lu 

Fig, 47. A max as a function of Lu. 
Then the thermal gradient coefficient is 


2 _ c m Pni6 0 _ Pn t Up . 

The method of E. I. Sizyakova permits the determination of the 
following coefficients from only one experiment: a m , a„ and 8. In 
this regard the method is more convenient than the Kuznetsov 
method; however, as with the Kuznetsov method, it is limited to low 
temperatures of the material (<50°C) and to a narrow range of Fo 
values. When the Kuznetsov and Sizyakova methods are not properly 
applicable, the transient methods developed in the next chapter 
should be used. 




CHAPTER IV 


Non-Stationary Fields of Heat 
and M ass Transfer Potentials 
with Boundary Conditions 
of the Second Kind 


In many cases the heat and mass fluxes at the surface of a body 
cannot be described by convective heat and mass transfer equations. 
In such circumstances the heat flux, q q (i), and mass flux q m (^) are 
considered as certain unknown functions of time which can be deter¬ 
mined from experiments. 

When this is the case, the boundary conditions for uniform bodies 
with symmetrical fields of heat and mass transfer potentials can be 
written: 


x 

* dl 


+ ^==o» 


-X 


m 


dQ(fl.*) , x s d-t(R,x) 
dl ^ m dl 
<Ln 0,T) <?6(0,x) 

dl ’ dl 




(IX) 

(X) 

(XI) 


It should be noted that in physical significance the above boundary 
conditions encompass a wide variety of heat and mass transfer 
phenomena, including heat transfer by radiation. Initially let us 
consider problems in which the coefficient 8=0. Solutions for infi¬ 
nite plates, cylinders and spheres were obtained by M. S. Smirnov 
by means of finite Fourier transformations andHankel transforma¬ 
tions. The following system of differential transfer equations was 
solved: 


d *(£,*) - d 2 f (£, x) , r dt(l, t) 

dt U dl 2 + l dl 

, c r s P dm,T) 


+ 


c, 


(XU) 




1 . INFINITE PLATE (8 = 0) 

[ r ==0 t £ = *, 6 = 0, t(x t 0) =/(*), 0(^,0) = cp (a:), 
q q = const, < 7 m =const] 

The solution of the system of differential equations (XII) -(XIII) 
with boundary conditions .(XVI) and (XVII), initial distribution of 
transfer potentials (XIV), conditions of symmetry (XV) and heat and 
mass fluxes of constant strength will be found by means of finite 
Fourier transformations. 

In the first place we shall determine the distribution of mass- 
transfer potential in an infinite plate. For this purpose equation 
(XIII) will be solved. 

Applying the integral transformation 

R 

(^, vc ) = 1 Q (, x , x) cos tin . ~— dx (n = 0, 1,2,3, . .) (1.1) 

o R 

to G" (x } x), we get 



and making use of conditions (XV) and (XVII), we get 
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f d 2 6 (x. x) X v _ 

I —L ±J- cos n k —— d x — 

J o d* R 

0,, (ft, *). 0 • 2) 


Multiplying both sides of equation (XIII) by cos integrating 

between the limits 0 and R, and considering the results of equation 
( 1 . 2 ), we get an ordinary differential equation with respect to 

d J-L^h± + Sm** 0, f (ft, ,) = -(- 1 r -h~- 

dx T R t 1“ C T 


Solution of this equation will be as follows: 


O c .r(^)=(-l )' 1 


El [ 

n 2 n 2 L 


exp 


-•ft® IX »~ m 1 

R 2 


+ 


+ Cl («) ex P | 


)• 


(1. 3) 


The integration constant, Cx ( n) is found from the initial condition 
6 ( X) 0) = cp (*). From (1.3) we get as x -> 0 

*c.f (n, 0) == C x (ft), 

However, in accordance with equation (1.1) and considering the 
initial distribution of mass-transfer potentials, we get 


(n, 0 ) 


R 

-j 


> (a;) cos ft tc 


* 


- dx. 


Consequently, 


Ci (ft) = j* 9 (x) cos ft tc - — — d x } 
o 

and finally the solution for the transform can be written as 

tc.F(n,x) = (-l)» exp ( — ft 2 xr 2 ) — 1 1 + 

X m n 2 7i-L \ i? 2 / 


+ exp 


— n 2 Tt 2 x - 

/ j 


<p (a:) cos ft xc - dx. 

R 


(1. 4) 
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In order to obtain the distribution of mass-transfer potential we 
have to obtain the. inversion, 0 (x, x), of the transform 0 c F ( n , x). This 
can be accomplished by using the Fourier cosine transformation 
formula: 


0 (x : x)-— 0 C F ( 0 , x) -l — iL VJ 6 f .^ x) cos n ~ -iL (1 5 ) 

K H R 

n*= 1 

For n = 0 the first term of equation (1.4) represents an indeter¬ 
minacy of the kind which can be solved using L’HopitaPs rule. 

Performing the necessary transformation for the zero term of 
equation (1.5), we get 


-Lo,., ( o,,)_- 0.6) 

0 

Substituting equations (1.4) and ( 1 . 6 ) into equation ( 1 . 5 ) and con¬ 
sidering that the Fourier series 


2*2 (-1)" 

/lira. 1 


1 

tt 2 It 2 


cos n tt ■ 


R 




the distribution 0 ( x , t) in an infinite plate is found to be 

R 

0 (x , t) -- J cp (x) dx = —- 

0 


(JmR 


Fo*-— f 1 - 3 ™ ] + 

6 \ * 2 1 


I- yi (-l)" +l — cosrcr:~*-exp(--ft 2 *: 2 Fo*)-|- 

" /2 2 TT 2 P 


+ —cos n 7u exp (— ti 2 tt 2 Fo*) X 




fl -1 
* 


R 


X \ cos rc tt dx 


(1.7) 
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We shall now determine the temperature distribution. Let us denote 
the finite integral transformation of the temperature as 


j t(x, x ) costing- dx (n = 0, 1, 2...). 

The second derivative of temperature, with consideration of condi¬ 
tions (XV) and (XVI), is 

f d 2 { { x >3— cos n 7c — dx = 

J dx 2 R 

0 

= (-! ' d- 8 ) 

^q H 

Multiplying both sides of equation (XII) by cos n % — , integrating 

with respect to x between the limits 0 and R, and considering equa 
tion (1.8), we get 


t) 

d t 


+ 


Oq n? T? 
R 1 


t e .p(n, '') = 


-(-!)" 


a q Q(i 
'kq 


sp c T dbc.F(n> *) 

C q d'Z 


(1.9) 


The value of is found by differentiating (1.4) with respect 

d t 

to *. After manipulations, equation (1.9) can be written as 


dx R* 


Qq Qq ® P 

= <-— 1 


Qm 

To 4 


(—l) a ■ — ex pi —»*«*■ 


a m x 


+ 


, n 2 ic a h , . Om’I v 
5-exp —n 2 ic 1 —r- X 

R 2 V / 


X 



o 

The solution of this ordinary non-homogeneous differential equation 
is as follows: 
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tc.F = (-D n f-~ [1 — exp (— nWo)] + 

Kg nV 

+(-1 ) n — — ;X 

X [exp(— « 2 it 2 Fo*) — exp(—«*ir 2 Fo)] + 


c q a m a q 


[exp (—/zVFo*)—exp (—n 2 i: 2 Fo)] X 


X J <pW cos n iz — dx •+* C 2 (n ) exp (—n 2 7r 2 Fo). 


If X (and consequently Fo and Fo*) tend to zero, then from equation 
(1.10) it follows that tc.rfa 0) = C 2 (n). On the other hand, 


t c .F{n y 0) = j /(*,0) cosatc-— dx = 


tix) cos ti tc- dx. 

R 


Consequently, 


C 2 (ri) = j f{x) cos^tc-— dx. 


Using the following formula to obtain the inversion 


k.r(0,t)+-^-jjrj t c .F(n, T)cos 


and after some manipulations analogous to those used in obtaining 
0(x, t), the solution for t (x, t) can be written in the following form: 


t(x,t) -— f(x)dx 


- 3 — H" 

R 2 ) 


+2 (~iy 


hl —-— cos ti tc —-exp ( — u 2 k 2 Fo) + 
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2K 


#*< £ 


00 x 

exp(—n 2 Tu 2 Fo) cos mtc— X 


A 

X J/W cos n it dx 


P_ Lu gmg 
Lu—1 a^To 


X (Fo-Fo*) + £ (-l) n+1 ^7 cos » «X 


X [exp (—n 2 rc 2 Fo)—exp(—/zVFo*)]- 


2 L m 

R'q m 


X 


Xjtexp (—nV 2 Fo) — exp (—nVFo*)] X 

/2 *= 1 

R ^ 

X cos mr — l cp(x) cos ft tc — dxl • 

R J # 


(Ml) 


In obtaining the inversion (1.11) the following equality was used: 


£ P Qm a m T __ 
c Q a m fo # 

= S P 9m <*m / _ JVL ) 

Cq «mTo a m -a q \ R R ) ' 

When the initial heat- and mass-transfer potential distributions 
are uniform along the plate, that is when 

t {x, 0) = t 0 = const, 

8 (x, 0) = 0 O = const, 

then from equation (1.7) and (1.11) respectively we get the following 
special case: 


0 : 


I (X, X) 


8 fl- 6 p 


=Ki„ 


Fo* • 


+ 


+ V (—l)" +l —— cos n it — exp(—/ z 2 tc j Fo*) 
n , % 2 R 


n~l 


T = 


i (x, x)— 1 0 

t t -U 


=Ki, jVo 


•3— H- 
Ri 


+ 5 (--l) n+1 -T^T cos « w -^-exp (—n a ic 2 Fo) 


frit 4 


+ 


0 - 12 ) 
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Multiplying both parts of equation (XIII) by rJ 0 (p n r), integrating 
with respect to r between the limits 0 and R, and considering equa¬ 
tion (2.1), we get an ordinary differential equation with respect to *: 

-T"-h a n Pn 0//(p n ,t) = - -——RJo (PnR)- 

10 

The solution of this equation is 

MPn.'O = C 0>„)exp( - a m ph) — 

~ J,(PnR) [1 ~ exp( — a m />n x )]. (2.3) 

Pn 

The integration constant C(p n ) is found using the initial condition 
for the mass potential. Here we get 


H 

C(Pn) = f f(r)rJ 0 (p n r)dr. 


Consequently, expression (2.3) for transformed distribution of mass- 
transfer potential in a cylinder can be rewritten in the following 
form: 


= exp (~a m pU) j <p (r)rJ 0 (p n r)dr - 
0 

_ Qm R 

KPn (~a m plx)]. (2.4) 

The inversion 6//(p n ,t) is found using the following formula: 

•M-£wm+ 

1 J o xPnK) 


6 w (0,t) - - ~~ + U (r)r dr 


V - 'IMPdl 

(PnPVJ a (p n R) 
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the distribution of mass transfer potential is 



Xexp^—^Fo* j (2.5) 

In the above equation v-„ = p n R are the roots of the character- 
istic equation 


J iM=0. ( 2 . 6 ) 

The values of (*„ are given in Table 34. 

The differential equation for temperature in a cylinder can be 
obtained applying to equation (XII) the finite integral Hankel trans¬ 
formation and considering the boundary condition (XVI): 


where 


dtH(p n ^) i , . a a QoR 

~I7~ + T ) - —T- Jo (Pn 


R) + 


+ 


e p ci d Qff(Pn< *) 


dx 


(2.7) 


tliiPr 


I T ) = J *('7 C ) r J 0 {p n r)dr and n = 0, 1, 2,... 


The value of Albionll j s found by differentiation of equation (2.5) 

ax 

with respect to x. The value of the derivative obtained is substituted 
into equation (2.7). As a result, we get 


dt H (p n ,") 

d- 


+ a,,pf,tn(p n , t ) ~ 


\ q 


Jo C Pa R) ~ 


*K T 

C q 


exp ( — a m 



R 

7o c t 


Jo 


C Pn R) + a m plX 
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R 

X J<P (r)rJ 0 (p n r)dr j. 


The solution of this differential equation, after application of the 
corresponding initial condition, is (at a m j* a q ): 

t-H ( Pn . *) = ~~r Jo(Pn #) [l — exp ( ~a q plt)\ 4- 

^q Pn 


A 

-f exp (— a„ph) J f(r)r J 0 ( p n r) d r ■ 


s P c t a m I q m R 


c i a m — a i \ a m i 0 p- n CT: 


J~J» ( PnR) + 


+j <P (r) r J 0 (p n r) d r J [exp ( - a n pit) - 
-exp(-a,p*T)]. 

The inversion of equation (2.8) is found from the following: 




Since, 


< 0 ’ ') - ~ f + f f W rtr. 

0 

the solution of differential equation (XII), after some manipulations, 
is as follows: 


-| r |«r )r *,M.[ 2 Fo - 4 ( 1 _ 2 | 


oo 2 y 0 

L ^^o ) + 


2 Jo (V 


exp(-p,'Fo)X 
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x[f(r)rjJ ix,,-L-Wl + ±P_-_U q m R 

* V R > J c t Lu-l a mTo 


X 


2 J Q \i n - 


x| 2(F —*,-S 

—exp (—{x* Fo*)] 


00 

x£- 


2 / 0 (V 


R 


n -1 


jkPn) 


q m R* X 
[exp ( - pi Fo) - exp (— pi Fo*)] X 


X j t P(r)r/</(*„-L.j dr 

r\ \ *\ / 


(2.9) 


If the initial distribution of transfer potentials in a cylinder is 
uniform, i.e., J 

f(r)=t (r, 0) = t 0 = const and ?('0 = 6 (r, 0) = 6„ = const, 
then solutions of equations (2.5) and (2.9) yield, respectively, 


e = °o - Q X^ 


®o - K 


Kin 


2Fo*—L( 1 _ 2 JL'|_ 
4 ^ 


2 Jr 


0 !V 


R 


-Y 


• exp (- (i* Fo*) 


( 2 . 10 ) 


•_ Hr, 


(c 


- =Ki, 


oo 2 /„[ |J- n ——■ 

-S 1 * 


n -1 


J 0 (|x n ) 


2 Fo-— 1 -2 — 

4 /?• 


exp( — t x «Fo) + 


e K() Kim Lu 
Lu — 1 


2 (Fo - Fo*) - J 


« 2 /of Fn' 


H'fl/o (fSi) 

X [ exp ( — \x 2 n Fo) — exp ( — pi Fo*)) | 


•X 


+ 


( 2 . 11 ) 

In obtaining equations (2.10) and (2.11) the following property of 
the integrals was utilized: 
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o o 

which at p n ¥= 0 are equal to zero. 



3. SPHERE (5 = 0) 

[r= 2, E«r, & = 0, *(r,0)=/(r), #(r,0)»?(r), 
q q = const, = const] 

We shall now solve the system of equations for internal heat and 
mass transfer for a sphere with the boundary conditions considered 
in the preceding sections. The integration of the system will be 
accomplished by means of a finite integral Fourier transformation. 

We shall determine the distribution of mass-transfer potential 
in a sphere. By applying the formula for the finite Fourier transform 
to equation (XIII) we obtain 


r/ d-9(r,T) 2 depyt) 

J [dr 2 R dr 

o 

_ Qm_R sin p„ R 
C T Pn 


r^Pnl-dr = 
Pn 


Pl^s.FiPn, t), 


where p n is the root of the characteristic equation 


and 


igpR = pR, 


(3-1) 


f r 6 (r, t)- S i n ^ nr dr. 

J Pn 

0 

Therefore, the equivalent of equation (XIII) as a differential equa¬ 
tion for the transform of 8 is 


d Qs.F (Pn, t) 

d-c 


a m 


Pn 8 s.F ( p n , ~) — — 


<jmJR sin Pn R 

C T Pn 


(3.2) 


The solution of the above, considering initial conditions, yields 
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R 

( P n , ~) = exp ( — a m pi t) f <p ( r ) r - Sin Pn r dr - 

J P n 


dm R- Sin PnR 1 
a "l To PnR pi 


2 -[l -exp(-a m ^t)]. 


Applying to the above the inversion formula 


°^ T ) = Tr^^°^) + 


I 2 y Pn Sin p„r 
R “Sin 2 p n R r 


(Pn 


we get the following expression for the mass-transfer potential: 


e * r,T )"~~5r ®( r ) r * dr 

R o J 


< ?m R T 3 Q m t y 2 _ sin p n r 

c i a m To |_ R 2 ~p„^ s in p n R p n r 

-2 - -4 - ^!iai e>;p p ; t) ] + 

n-l PnR p n r J 


p„sin p„ r 


“ /? sin* p„i? r 


exp (— a m p^x) X 


X f» W ,i!Wj, 

J c» 


Considering equation (3.1) and the fact that 


y_ 2 _ sin p fl r _ 1 / 3 5 R 

^ p n R sin p n R p n r 10 \ R 2 


the solution can be written as 


0 ( f ’ T ) ~ ^ r 2 dr '' 

0 
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a m To °T 


/ 3—5 — 
10 \ R* 


tty ^ cos ^ (!■„ ■ 


A _exp ( - {4 Fo*) + 


{‘nCOS'Vr. R r 


exp (— j4 Fo*) X 


X <p(r)r- 


Here i *> n — p n R are the roots of equation (3.1). Their values are 
given in Table 33. 

We can now find the distribution of the heat-transfer potential in 
a sphere. The differential equation for the transformed temperature 


d t $, p (p t ) . 2j r \ 

z * + a q Pnts.F (Pni T ) — 

flx 

^ fyQqJR Si np n R s p4 dti s . F (p n ,*) 

l q p n c q d* 

where 


t r .F(Pn, T ) = f t (r, T) r - m Pn ~ dr , 


p n is the root of the characteristic equation (3.1). 

The derivative — ~ is determined from equation (3.3). 

Substituting the value obtained into equation (3.5), we get 


dx l q P n R 


c’CDf a D 2 Tl SpCj I qmR1 sln P"R I 
exp( a mPn x) To + 


0 f sin j o n r 
+ <*mPn <p (r)r - dr . 
J Pn ! 


0 
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The solution of the above is 


ts.F ( Pn , *) = —-- — Pn _ - — 2 -[ 1 - exp {-a q pl t)] + 
^<7 Pn A pn 

R 

+ exp( — a q pnt) j/(r)r-^^-dr + 

0 


P/I 


8 P C T a,n f Qm R* sin 


a m ~a„ I a m To Pn Cjp n R 


+ 


R 

+ l exp ( —a, n pi t) — exp (—a, pi x)] f tp(r) r - S ' n|0r l — drl 

J n Pn I 


The following equation can be used to obtain the inversion of the 
temperature transform: 


£ (r, t) = ~~ t,' F ( 0, -c) + 


+ 


Pn sin p n r 


i? -6-J sin 2 p n R 


t*.p{p n * *). 


and after some manipulations, the final solution for temperature 
distribution in a sphere is 




i? 8 


3Fo 


10 


3_5— — 

R 2 


oo 

-S- 

n~l 


sin IV 


R 


Pa cos 


exp ( — |4 Fo) + 


Pa' 


R 


sin (*„■ 


P« cos2 Pa J?r 


—— exp ( — p«Fo)X 


X f f(r)r- 


sin v 


R 


■dr 


Pa 


3(Fo-Fo*)- 

Cq L/U 1 d m f 0 
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sin |v 


R 


n - 1 


N COS |i„ 


! J 'n * 


[exp (— (4 Fo )— exp (—i^Fo*)]- 


R 

a mlo c t ^ 


sin |i„- 


qmR ~ locos ’Rr 
X [exp ( — 4 Fo) — exp ( — i^Fo*)] X 


-X 


X 


I ,<r) 


sin 

r-£<_ d r } . 


(3.6) 


If cp (r) = 6 0 = const, and f(r) = 4 = const, then the solutions for 
the potentials of heat and mass transfer (3.4) and (3.6) are trans¬ 
formed into solutions (3.7) and (3.8) respectively: 


q— fl o —QQ'.t) = 


u o — 

t 2 


Ki ff 


sin ft,- 


3 Fo*- —( 3 - 

-5 — ) 

10 V 

R 2 ) 


P -/1 cos \>- n 




1 R 

- - exp(-[4Fo*) , (3.7) 


T = - — ^ — _ 


to-U 


Ki, 


3Fo- 


,3 — 5 — 
10 l R 2 


sin (j.„- 


R 


r> cos ^ (i n — 


exp( — p.;; Fo) 


R 


+ _ ^^Lu {3(Fo _ Fo .) 


00 

-E 


sin iv 


R 


", 1^ COS ft, 


■X 


Pn~ 


X [exp ( — 4 Fo) - exp (- |4 Fo*)[ . 


(3.8) 
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can now analyse the solutions obtained in 
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to 3 
to 


~ ^uuciiuea m Spnt-irmo i f, 

(equations (1.7), (1.11)-(1.13), (2.5), (2.9) to (2.11) (3 4) and %\J 

(3.8)). In the case of uniform initial distributions of transfer ooten° 
tials, the distribution of temperature represents the superposition of 
three temperature fields. The first field, described by the expression 
in brackets, characterizes the heating of the material without consid 
ering either mass transfer or phase transformation in the bodv The 
second field, i.e. terms containing Fo, takes into consideration the 
effect of stationary heat sinks (sources). Finally, the third field i e 
terms containing Fo*, describes the effect of a moving heat source’ 
resulting from phase transformations in moving mass. ’ 

In the case when s = 0, i.e. no phase transformations, all three 
solutions reduce to the usual classical solutions of heat transfer 
without a heat source. 

The above considerations also apply to the more general solu¬ 
tions that are obtained on the assumption that the initial temperature 
and mass potential distributions are not uniform but are given as 
functions of the coordinates. In the latter case the solutions contain 
additional terms which describe the effect of the initial conditions. 

The series appear ingin the solutions converge rapidly and there¬ 
fore the solutions are convenient for engineering calculations. 

The distribution of the mass transfer potential corresponds to 
classical solutions of diffusion and conduction equations. As time 
increases, or more exactly as Fo* increases, the terms of the 
series decrease rapidly and at a certain value of Fo*> Fo* , become 
exceedingly small in comparison with the first two terms. Thus the 
entire series can be neglected. Beginning from this time, 0 (?, -) at 
any point of the body becomes a linear function of time and its dis¬ 
tribution in the body becomes parabolic, i.e., a quasi-stationary 
regime is established. 


5. INFINITE CYLINDER (8*0) 

[P=l, t(r, 0)=f,(r), 0(r, 0)=/ 2 (r), 

We shall solve the system of equations (P) to (IP) with boundary 
conditions (IX) to (XI) and initial conditions (XIV) by simultaneous 
application of integral Hankeland Laplace transformations. In order 
to simplify the notation used in this section we shall denote the heat 
and mass transfer potentials by 0 z (i=i,2) so that * n 

addition, the subscripts q and m will be denoted by 1 and 2 respee- 

We use the integral Hankel transformation with respect to the 
variable r, i.e., 
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(P»' c )}//= J r%(r, t) J 0 {pr)dr, (5.1) 


where p is the root of the characteristic equation J' () (pR)—0. 

The inversion, 0 1 (r, x), of the transform (o ; (p t t)}# is obtained 
from the following formula: 


®i (r, 



rQi (r, *)dr-\- 


2_ yi j o (p n r) 

vikAipJ) 


(6( (j o, *)}w. 


(5.2) 


The application of the Hankel transformation (5.1) with consider¬ 
ation of boundary conditions (IX) -(XI) to the group of terms contained 
in brackets in equations (I’)-(IF) leads to the following relationships: 


H 

\ 


gMr, x) 1 56,(r, x) 

dr 2 r dr 


rJ 0 (pr)dr = 


■R^^-J 0 (PR)-P 2 {f>i(P, x )} h . 


a 

1 


d 2 6 2 (r, t) , 1 d 2 6 3 (r, -c) 


dr 2 


dr 


rJ 9 (pr)dr = 


(5.3) 


= -R 


<7i( T ) 



J 0 (PR) -P s { 6 2 (p, t)}// • 


(5.4) 


We assume that the operator of the Hankel transformation { ) H 

is commutative with the operator of differentiation -. Then, fol- 

dx 

lowing multiplication of all terms of equations (F) -(IF) by rJ c (pr ) and 
integrating with respect to r from 0 to R and considering equations 
(5.3) to (5.4), the original system of partial differential equations is 
transformed to a system of two simple differential equations. 
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d 


{01 (P, t))H =«J 


d% 

J {0 3 (P, *)}* = 


R^J<(pR)- ' 


+ «P — ^-( G a(P. x )}» 
c ax 


d'z 

+ {^2 (Z 7 / T ))tf 


^2 


■ a 2 S/7 2 (Oj (p, x)} H 


(5.5) 


In the derivation of equations (5.5) conditions (XIV) are used in the 
following form, obtained by application of the Hankel transformation: 

19/ (P, 0)}« = If, (p)) H (2= 1,2). (5.6) 

We can now apply to the system of differential equations (5.5) and 
initial conditions (5.6): 

{9i ( r, s)}^ = s j 0| (r, x)e~ sx di, (5.7) 


and as a result we obtain the following system of algebraic equations: 


(s+OjP 2 ) {Oi (p, s)}hl -5 { fl 2 (P. s)}hl = 

= S {/i (/>)}* + “ * J o (PR) [<h ( s )}'- - — s ’ 

h c 

a 2^P* {®l(P> s )}//i + ( 5 + a 2p 2 ) (M/ 7 * 5 )}m-= 

= s{/ 2 (P))w-f ? -2?7 0 (p/?) {?.(s)}t. 


Solving the above system for (0 ( (p, s))m, ((=1.2) and obtaining the 
inversion of these potentials with, respect to s, we get 


{0, (p, t))H = Yi +B> l' k lQy " 1 ’ 

/.*“ i 


(5.8) 
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where 


1 _ J S P 


A-i-(—iy——4=(-iy- 


c f 

c 


n 1 _ v 2 

4 =(-iy^r 


\ 2 2 ’ 
^1 V, — v n 


ep — 

4 =(-iy^-~=(-iy fla 


a 2 V, 


M 


e KoPn v y . 

2 2 
V 1~ V 2 


4 =(-iy. 


2 2 

V — V 
2 1 


^2=(-iy 


—— + e KoPn 

Lu ' 


2 2 

V i V 2 


—-~V 2 

Lu V / 


K -<-« 'fir-r- s «-<-'X^-r-r 

Al V_ - V ^9 


a 2 V 1 


2 


1-j-e KoPn -j-J -f*" 

Luy 


+ 


(-1) /+1 j/fl + eKoPn+4?- 4 


Lu; Lu 

2 


{fyl* = {fk(P))xexP(-R 2 P 2 vj Fo 2 ), 

t 

{Qy*}// =RJ 0 (pR) j* qkin) X 


X exp 


_D!„S g 2 ( T 7 l) 


-i? 2 P 2 v; 


i? 2 


rflfj, 


Fo ^ = -S L = LuFo ' 0-1.2). 

K 

It is easily checked that the function {e^p, t)} H determined by 
expression (5.8) satisfies the initial conditions (5.6). 

The inversion of { 8; (p, t)}# can now be determined. For this 
purpose we use equation (5.2) which after some manipulations 
yields 
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M r, X)= ^(A‘ k P Jk+ B‘ kQjk) (/= 1,2), 


/. fc -1 


where 


P JK 


R 00 J A J IX „ 

+ 2-4-M 




A (*,) 


X exp (— 


l Fo 2 ) j 


rfk(r) h\Pn — \d-r 
H 



(‘n are the roots of the equation J Q (|a)=0. 


6. SPHERE (8^0) 

[r=2, E=r, t(r, 0)=/ l (r), 0(r, 0)=f a (r), 
Qq=qq^)> ?*=?»(')! 


The problem is solved using the same conditions as employed in 
the preceding section. Her ewe utilize simultaneous integral Fourier 
sine and Laplace transformations. The Fourier sine transformation 
noted in Section 3 has the following form: 

R 

{0* (p, = f r0, (r, t) (6.1) 

o J P 

where p is the root of the characteristic equation 


tg pR=pR- 
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Analogous to the procedure employed in Sections 3 and 5, we 
apply to the system of equations (P) to (IP) and boundary conditions 
(IX) to (XI) and (XIV), first the transformation (6.1) and then the 
Laplace transformation (5.7). We get the following system of alge¬ 
braic equations: 

(s+a,p 2 ) {9 X (p, s)H-s{0 2 (p, = 

c 

= s{h(p))f - 

X, p 

-^~s{U(p))f, (6-2) 

c 

a 2 op 2 { 0 i ( p , s)}n + (s + a 2 p 2 ) ( 0 2 (p, s)\fl = 

= s{h(p)} F -R^- Sin ^ ~ (ft(s )}l ■ (6-3) 

K P 

Solving the above for (0/ (p, s)}fl (2=1,2) and obtaining the inver¬ 
sions with respect to s, we get 

{8* <P. '))F = S ^ ^ { Qj*}f ]. ( 6 - 4 > 

/, Jfe—1 

where and are determined by expressions given in the 

preceding section: 

{Pik}F = {f*(p))fexp [—i? 2 p 2 vj Fo 2 ], 

0 

The inverse Fourier transformation for the case at hand can be 
obtained from the following formula: 



(6.5) 
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Applying equation (6.5) to equation (6.4), we finally get the fol¬ 
lowing heat and mass transfer potentials: 

2 

0 / (r, -c) = 2 (A) k Pik + b;Q„), 

/, /t-1 


where 


ih 


H 

= -f 

R s J 


r%(r)dr + ±^ 

0 n«»i 


Sin* (V 


sin iv 


x- 


R 


sin |a„- 


r 

R 


exp(— \>? v* Fo 2 ) l rf k (r) 


ft, 


■dr. 



qu('n)dn + 


CO 



sin H,r~ 

—sin iv 


X 


X exp (—fj-* vjFOl) j* ^(Tj)exp ^ v / ~j dri * 
0 


and {i n are the roots of the equation 

tgjx^ix. 


7. INFINITE PLATE. 
GENERALIZED BOUNDARY CONDITIONS 
OF THE SECOND KIND. 


We solve the system of equations (P)-(IP) with initial conditions 
(XIV), conditions of symmetry (XV) and with boundary conditions of 
the following form: 


dOitRi j) 
dx 


+ « Oi (R, *) + P (R, x ) — Vl 


-I- a ' + p' 0 2 (/?, t) = cp, (t). 

dx dx 


(7d) 

(7.2) 


Here as in the preceding sections, 0* = t, = 0, a, (3 y a', and p' are 
known. 
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In accordance with the work of A. P, Prudnikov we consider the 
auxiliary problem in which the boundary conditions (7.1) and (7.2) 
are replaced by 

(R, f) = Xk (t), {k = 1,2). (7.3) 

The latter are solved by means of simultaneous application of in¬ 
tegral Fourier and Laplace transformations. Applying the finite 
Fourier cosine transformation with respect to the variable x, we get 

R 

1 )^-xdx. (7.4) 

2 ) R 

The inverse transformation of transfer potentials {0 ; (p, ' c ))/ r is 
determined from the following: 

8, = || f 0 ' & ^ l,cos ( n +-j)j x - (7 ‘ 5) 

The Laplace transformations are applied with respect to the 
variable t : 


{8«(p,t)}i 


-t 


6i(x t T)C0S f tl -f 


{ 9 <(*.S)U 


l 


e~ st 0(x 1 x)dT. 


(7.6) 


Successive application of integral transformations (7.4) and 
(7.6), together with initial conditions (XIV) and boundary conditions 
(7.3) reduces the original problem to an algebraic system. Then, 
by application of the inverse Laplace transformation, we obtain 

{«i(/».')}/-= ^ + = 1,2), (7.7) 

/» 


{vjs}f = exp [- ( it + — j it®v*Fo s ] {f s {p)}F, 


{ w iAf = (— 1)" ^ n + -i-j-jL. x 


Xexp - ^ rc-f-Lj 2 


v2 Fo 2 




where 
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v y = ~2 I y * + eKoPn+ — j ( iy+1 X 


XI/ 1+ eKoPn +: 


Lu/ Lu 


Foo 


a 2 'c 


The sign * denotes the convolution operation 

/M* g(t) = j/Mg'C 1 — =| /( x — g( T )* f^)- 

0 0 

The constants A l js , B l js (i, j, s = 1-2) are determined from the 
following: 


c r 


A n = ( ~ D y 


±z± 
\>2 —. ^2 
1 y 2 


a) 2 = (- iy 


v 2 __ v 2 ' 




a x [ 1 — — e KoPnLu v^j 


v2 v) 2 

V 1 v 2 


Bj 2 = (—• 1 y e KoPn 


V 


b 


^ -(—iy 


v2 ’ 


y 2 V 1 


■^/2 ( 1 X 


vS - V? 


■ e KoPn 


Lu 


V 2 __ v 2 
2 v i 


B 2 n = (— 5 


^2 = 


. \J* 

2 V 1 


vS — V? 


Application of equation (7.5) to equation (7.7) yields 

2 

0/ (*■*) = 2 (A i‘ V ls + {i= l ' 2) ' 

I.S -1 


(7.8) 
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where 




IS «» 



7C 2 V 2 F0 2 


X 



n + —'j— I d | cos 

2 Jr 







(7.9) 






2 

it 2 v? Fo 2 


* 


(- l) n X 


X 


n + W cos 




(7.10) 


Equations (7.9) and (7.10) can be simplified by introducing the 
theta-function. After some manipulations-, we get 

R 


'Vis 


= 1 r 
2 r J 




, iFo 2 


x — s 
2 R ’ ' j 

Xfsftdt, 


+^2 


x -j- £ 


27? 


, v® Fo 2 


X 


1 f d 

w l* = ~ f ». 

7? J dx 


„2 gjjlt--*!) 


L 27? 


7? 2 




(7.11) 


U.")= - 7^=5 (— l)“exp 


[- 


(x + ») 2 

T 


(7.12) 


In order to solve the problem considered in this section, it is 
necessary to determine certain unknown functions from bound¬ 
ary conditions (7.1) and (7.2). Differentiating (7.8) with respect to 
x and replacing the second derivative of with respect to x by its 
derivative with respect to t, we get 


<90/ {x, t) 
dx 


■2<v,+iw. (<—1.2). 


j, 5-1 


Pjs (x, x) ■■ 


“irI£HV- ,?Fo -] + 

0 J 


where 


(7.13) 
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+ 


~ X+j 

. 2R 


V? Fo» 


S, 


x 



X 



Xs (''ll d 7). 


(7.14) 


It is easy to show that the derivative ——ft 2 , which exists for 

<3(X —Y)) 

all values of x -/■-7^, tends to infinity as x~ a i> as x —>- 0, when x = $ 
and x -> r t . We therefore replace boundary conditions (7.1) and (7.2) 
by conditions obtained by integration with respect to x. In this case 
we get 


3 <>i (/?,-»!) 

dx 


a JziW + P j* - 


X 

f 


(vj) . 


(7.15) 


j lh(^jt dri + a/ j lMML d ., { + V j 


(7.16) 

Integration of (7.13) with respect to x yields 

f A° * ( *■» ! > _ rf Y| = y; (Ajfi, H- B‘ s Ql ) (t = 1.2), (7.17) 


1 


where 


X X 

Pjs {x> x ) — j Pis (•*, 7| ) , Q/*. (x, x) = J Q„ (x, 7j) d Y], 

6 o J 

Integrating equation (7.14) with respect to t and changing the order 
of integration by means of the Dirichlet formula, we get 
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T t 


] 0 0 
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R 2 J 


2 R 


- f x* (r) d n r —y -—— & 2 r — , 

J J — 2R 
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V ?X 
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j* x* ft) 
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d rj | ft. 
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v? a 2 /? 
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1?_5 .a a a ( T 7 i) 


21 ? 


R 2 


]-•[ 


R — x 
2R 


,0 


Whence it follows that for all values of x < R , 

Q% ( x , T) 


J n 


R 2 J 


(7.18) 


Analysis shows that equation (7.18) also applies at jc = R, i.e., 


Q/s(R, T) = 



0, 'j 


|2 ML 


r l) 


R 2 


ch}. 


(7.19) 


The latter integral converges because according to equation (7.12), 
the function 9 2 tends to infinity as r, -*T and T -> 0. Using equations 
(7.17) to (7.19) to obtain the corresponding terms of the modified 
boundary conditions (7.15) and (7.16), and also taking into account 

equation (7.3), we get a system of Volterra integral equations of the 
first kind: 



(«= 1,2), 


(7.20) 
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where 
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gi w=j ?x w) << ■»! - j] ^p; f (/?, x ), 




^w=f 2 («'^ + ^)p;,(p, x ). 

6 /,i-i 


Here we have defined 


K X 7) l/x-7] 


°i ( T - v) = , 7 ^= + 7 r^f- J' (- 1)" X 

y % vf a 2 y vj a 2 tt 


(7.21) 


where 
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Xexp 


R-rR 


vj a 2 (x — T|) 
X exp 


+ 


RW 




v 2 a aV V 1 a t K «- 


£'(-d«x 


v|a 2 (x -7j) 


+ a y 1 


X exp 


O, _s=+4%±5s,|]'(-i)-x 

/it v2 aa l/v^a 2 w 

j v\a.y V 2 fl 2 TC 


vfa s (x-7)) 

X exp 


1 "-a \ i/ j '2' 


V?0 2 (t — 7j) 


+ P' /x —7), 


Bl, 


vfa 2 l/ v 2 a 2 


+ 




«'B} 2 + B? 2 , 

** — : r ~f~z ~r 


v| a 2 

°'b\, + b\ 2 


v?a 2 V 


V l «2 


2 


a 2 y vg a 2 


The summation £' in these expressions is over all integer values 
of n, with the exception of ft = 0. Substituting expression (7.21) into 
(7.20) we get a system of generalized Abel integral equations which 
can be reduced to the system of Volterra integral equations of the 
second kind. 


% to + ^ j Tap to ^Tp fa) to (<* =* 1, 2), (7.22) 

p-i° 


where 


tp.p (x,<f]) = 


X. Y It d X 


B«p(x, 7|), 


(fi a (x) i 


1 d . . 
-T- (x). 


Xa/lT d 

GajT—id 


/(t-mr-Yi) 


dr («==§), 


B^(x,7|) = 



Non-Stationary Fields, Boundary Conditions of 2nd Kind 


241 


L 


a|3 



Kg [\ (T 7]) 

V~'~T 


dT 


(a P), 



o 


a and p have values of one and two, respectively. The final solution 
of this problem is obtained followingthe determination of <p«(t) from 
the system of equations (7.22) and substitution into equations (7.8) 
and (7.11). 



CHAPTER V 


Two-Dimensional Fields 
of Heat and Mass 
Transfer Potentials 


1. FINITE PLATE. 

BOUNDARY CONDITIONS OF THE SECOND KIND. 

Let us consider the solution of the differential heat and mass 
transfer equations as applied to a two-dimensional plate. We have 


j) = a I d^jx, y, x) , d a i(A:,3/,T) \ 
dx q \ dx* i " dy« / i ~ 

I e P da (x,y,x) 
c? dx 


du(x,y,x) l a 2 n(x,y,T) 

a. _ “'i a?— 


+ 


d*a (X,j/,x 
dy 2 



+ a m 8 [ d 2 ;(*,y,x) \ 

\ dx 2 dy 2 / ’ 

where a == c r 0 is the mass concentration. 

The initial conditions are 


t(x,y,0) =f (x,y), a (x, y, 0) = tp (x,y). 
The boundary conditions are 


(U) 


( 1 . 2 ) 


(1.3) 


^(Q.y.x) dtpc, o,t) 
dx dy ’ 

aa(Q,y, x) = da (x, 0, _ 

dx dy ^ 


(1.4) 


(1.5) 
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dt (Jh y , x) 
dx 


(y,*). 


dt (x, d, t) , , 

dy 


Mh, y, t) 

dx 


’M.V. ''), 


(x, d t) 

ay 


= x 2 (*> '')• 


( 1 . 6 ) 

(1.7) 


In order to solve this problem we employ the double Fourier trans¬ 
formation, applied in the region F. 


(—(—d<y<d): 

^ {?(*.!')} = (Texp/tm— S-myi) Wt))# dY}==<p7m,n). (1.8) 


The function^ (x, y), is reduced by integration in the region T to 
the transform <p (w,n), which is a function of the two integer argu¬ 
ments m and n. 

The inversion is obtained as follows: 

v(X ' y)== ~ih~ 2 exp^Jm^x+inZyj f( m , n ) = 

m,n 

= F _1 {f(m,«)). (1.9) 

When the function <Pi (x, y) is integrable in the rectangle 
(— 2h < x < 2d — 2d < y < 2a!), and the function <p a (x, y) is integrable 
in the region F, then the convolution of these functions is equal to 


( Pi*‘P J (■*. y) 



<Pi (x — £, y — (S, t])dt,d 7]. 


( 1 - 10 ) 


If the function <?i (x, y) is a periodic function with period 2h in the 
first argument, and with period 2d in the second, then the basic law 
of convolution applies: 


F ( < Pi*'Ps) = /7 {Ti)^{'Ps). (1.11) 

It is convenient to continue the functions t and u into the intervals 

(— d < y <d) and (— h < x as even functions, and their partial 

derivatives 4, ty, u x and u y as odd functions. This can be accom¬ 
plished on the basis of conditions (1.4) and (1.5). Then on the 
assumption that the order of Fourier transformation and time differ¬ 
entiation can be interchanged, we get a system of two ordinary 
differential equations: 
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dt(m,n, t) (m? n* 

- 7R— = ~ ^ + «> *> + 

d 

+2a 9 { (- l) m J exp | — in ^ ft, x) d-q 


-d 


+( _„.j exP (_ ta i t )+i%i, d.« 

—h 

,n,x) _ n J m 2 - n 2 \_ Ini 2 . n- \ 

x _ [JT + ~^T ) M (m,n,x)-a m U- (+ rfa ~ j X 


rfU (/ft 


X t ( m , n, x) + 2a,„j ( - l) m J exp ^ — in ~~^ C>], x ) dr\-\- 

h 

+(-i)*J exp (~ ( ' m y E ) x* ( ? - *)<#} + 2 x 

x{ (- J )“ j exp in -J 7) | ^ (y,, X) dt| + (- l) rt jx 
Xexp^-/m— 6 T )d? 


(U3) 


with initial conditions 


f(m,«, 0 )-/ (!»,«), «(/«,n, 0 )= 9 («, n ). (1.14) 

of / 4 uations (1.12) and (1.13) can be solved by use of 
the Laplace transformation. In this way we getthe following solution 

for t (m , n, t) and u (m, n , x): 


t( OT ,«,x) (-11 /+1 {^?(m,n) 

1 

rfs j T J + fiy J(m, «) exp 


exp 


Xlf + *’ 


vy^Ln^x 

a„ Lu vy m a x 
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X 


m 2 | ft 3 \ 
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-o,u>;<■(—+i|, , 


+Cy exp 

d 

1)W J ex P^-j^k(^x)^ + 

-d f 

+(-1)'| exp (- e) Xl (!,,)« + 0 , x 
U 2 d*/ 

Xexp(- in -j 7 ) 1 ^( 7 ], t) d, + (_ i)« J 


X 


Xexp 


■ CLq Ltl V' 


(- l) m J X 

-d 
ft 

X 

ft 


Xexp 1 


(- te f s ) 


X 2 (5, x)d? 


(1.15) 


t 

here * denotes convolution with respect to t from 0 to x • and v 2 
3 determined by equations ( 1 . 9 ) and ( 1 . 10 ). ’ 1 

The constant coefficients are equal to 


ep 


v/-l 


A/ ' Cq (vj — vf) ’ Bl 

C, =r \A (* ~t~ 8 KoPnLu)— 1 ] 


2 2 
V 1 — V2 


V? ■ 


‘ VJ8 


Z)/« 


e Ko Pn vj 
S (v? — vf) 


(U6) 


The transform « (/«, n , t) is also given by the right-hand side 

equation (1.15), when the coefficients A/, Bj, C/, £)/ are replaced 

r the corresponding coefficients A h Bj, C) and D ,. The latter are 
ven by 


4 = 


v y 


7 -e Ko Pn 

Lu 

i - i 






246 


Two-Dimensional Fields of Transfer Potentials 


2 a <78 Lu v/ , 2 a^fLuv?— \) 

1 - 1 -J” 1 D l - - — .2 2 - - 

V l— v 2 Vi— v| 


Before obtaining the inversion it is necessary to note certain 
properties of the theta function 


2 W 7 (1.18) 

tl mm — oo 

The function K (m f n, z)> defined by the following equation: 




m 4 , n* 


F + ^r 2 • 


K (w s n t z) = exp 
has the following inversion: 


From known properties of theta functions, it follows that the function 
( x * 2 ) is periodic in x with period 2h and in y with period 2d* 

i?or this reason, and by virtue of equations (1.19) and (1.20), it is 
easy to obtain the inversions with respect to m and n. 

After the final transformations we have 



inz’ 

& lx 


_2 h ’ 

' ~W~ J 

3 J_2cJ ’ 

d 2 




-S7S(- »' + V-jj».iLu,»;»F 0 ,) X 
X&3 (~ 2d 7? " ’ iLu W F o 2 jc P (!;,-r 1 )^,d7 ) + 

+ MJ * 3 ^W' U V ? Lu F ° l ). *«v» Lu Fo„) X 

Xf(lv>dMi+cSdl/ fJ^,j TC v 2 ,LuFn. A —iMv 


+ 5/ 




r% p 

X J &3 LuF ° 2 + 
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X 


+ $3 

X—j , 
2 X 


d ~y ;„., 2 


2d ,i*v»LuF 0l (l- 


-T f 


iX 


, i Itv2 Lu Foj [ 1 


&(?,«)# -j- 


"1“ J dQ j $ 3 

y-Y] 


X 


h—x . 

~~2/T 


* w v^LuFo 1— -L 


a 

]f 

-d 


»,X 


2d 


, iTtvJLuFojI 1 


tj fa,») di\ -f e 3 x 


X 


LuFo 2 (l 


ft 

]f 


s , 

2h 
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£ it v2 LuFOl X 


X 


X2 (S,*)dS 


( 1 . 21 ) 


The inversion a(x,y,-z) is obtained by the same method; there 
results an expression for which is equation (1.21) with 

the coefficients A It Bj, C h and D f replaced by A h B h Cj and D], 


2. TWO-DIMENSIONAL PLATE. 

BOUNDARY CONDITIONS OF THE FIRST AND THIRD KIND. 

By means of simultaneous application of two-dimensional, finite, 
complex Fourier transformations and Laplace transformations the 
following problems can also be solved. These problems relate to 
non-isothermal mass transfer in a plate with finite dimensions 
(h X d) and with boundary conditions of the first and third kind. 

Problem 1. Solve the system of differential equations (1.1) and 
(1.2) (see Section 1) with the following initial conditions: 


t(x,y,Q) = f 1 (x,y), u (x, y, 0) = / 2 (x, y) (3) 

and boundary conditions 


d^(0,j/,t) = dipc, 0,t) _ q 
d x dy 

d u (0, </, tQ _ d a (x, 0, x) _ - 
dx d y 


( 5 ) 
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dt(h,y, t) 
1 d x 


ti (y. ■') = 


( 6 ) 


+ + tlU ,. <)_0, 

dx dx 

dy 

a. + «. > + X, <*, 0 - 0. 

dy ay 


(7) 

( 8 ) 
(9) 


In order to solve equations (l)-(9) we employ the two-dimen¬ 
sional, finite, complex Fourier transformation in the region 
V(—h<x<+k-d<y < + d) 


9 (m,«) 




9 (£, tj) d 6 d 7j 


and the corresponding inversion formula 


-«, + « 


? (*» */) — 7Y7 2 exp ( i/?z 4- x + i ' 


(«.«) 


TC 

•m — y 
d 


9 {m, ft). 


( 10 ) 


( 11 ) 


If 


9i(OT,ft)==9 1 (x,y), 


9a ( m > n) = 9 2 (at, y), (12) 

then with the condition that 

9 j(jc +2 h,y) = 9 x {x,y), 

9i(x,y + 2d)’=cf 1 (x,y) (13) 

the convolution theorem can be written as 


9 i {m, ft) 9 2 {tn, 



<Pi (x — E, y — vj) 9 2 (S, tj) d E d 7j. 


(14) 


It is assumed here that 'f 2 (x, y) can be integrated in the region r, 
and 9i (•*,#) can be integrated in a wider region (—2h <.x, 
^ 2 h , 2d y -f- 2 d). 

Replacing 9 with partial derivatives and integrating equation 
( 10 ) by parts, we get formulas with the transforms of the partial 
derivatives: 
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-d 


exp ( ] x 


X [ <P (A, ■»]) 4 <P (~ A, i))] d -t], 

+h 

dy ' d •<■”*• 


d <P . . TC — 
— i —- i n -co 


1 X 


X [<p (5, d) + cp (J, —• d)] d\. 


d 2 Cp 7 C 


9 * 2 


~ n) + (—!)' 


4 -d 

J exp ii 


m ~d y] < X 
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(15) 


(16) 


<3 2 <p 


dtf 


X 


i • w 

4- — 

A 


d9 <A 2j) _ <3 <p (— A, 7j) 
<3? AH 

<P (A, i)) — <p (- A, nj) 


+ 


6^7], 


-|' h 


« 2 TT'P( ot ’ w )+ (- 1)" exp [ —i/n-f-5 )X 


A 2 


(17) 


X 


gvjM) a<p(s,-rf) 

< 3 yj 


(3 7 ) 


+ [<P (E, A!) — cp (?, — A)] | A E. 


(18) 


If we now continue into the intervals (-h< x <0) and (-d< y <0) the 
functions t and u as even functions, and the partial derivatives 

—and as odd functions, in virtue of equations (4) and 
ox dy dx oy 

(5), and if we take the transforms of equations (1) to (9) with respect 
to x and y in accordance with equations (15) to (18), then we get 
instead of the system of partial differential equations (1) and (2) a 

system of two ordinary differential equations for and 

u(m,n, x): 
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dt (m, rt, *t) 


■a q ot ( m y n, t)- 


2a q 


Si (*) + 


+ 


sp du(tn % n ,x) 
c d'z 


x) 

dz 


a m cu (m, ti } *)—2 S 2 CO — 


— a m hct (m,n, t) 


( 19 ) 


where 


i -!— <rr^ 


/«* 

A 2 + d 2 


5 /( t ) = (— exp itl j M 1 ). ■ t ) rf7 l4- 


+ (_ ])fl 




X/(S> T W$- 


( 20 ) 


( 21 ) 


The transformed initial conditions (3) are given by the following: 

7(m ,», 0) =/ j (m, n), 7(m, n, 0) = f 2 (/re, n). (22) 


Applying the Laplace transform with respect to % to equation 
(19) we get a system of two algebraic equations of the first degree 
for two unknown functions t(m,n,s) and u {m, ti.s). Solving this 
system and inverting with respect to s, we get 



Ai h (m, n) + 


+ -Bj/j (m, n ) 


+ exp( — 


CLq Lu V j a x) X 


X [D*S i {x)+ C* S a (t)] . 


(23) 


n^ Symb « 1 * ? en ° te ® convolution with respect to t from 
tog form^as? ’ ” h A are determined by the follow- 
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4-(-D 


i+1 V i‘ 


2 2 * 
Vl — v 2 


*, = (-!)' 


®Ko Pn 

2 2 
Vi — V 2 


c q To 


*/. d i = 2 v)Bi. 


(24) 


The second function u{m,n , x) is also given by the right-hand 
side of equation (23), when the coefficients 4/, 5/, C/, Di are re¬ 
placed by the coefficients A if B t , Cu Du The latter are given by 


Ai — (— 1 ) , + 1 



B[ = 


(-1)'*' 

(v?- 

Vl — 

c'i = (- 

n‘ +1 

d;=(- 

■i)* +1 


e Ko Pn 


Lu 


25 

~ c q To ( v l v 2> ’ 



(25) 


In order to obtain the final solution of the problem we have to 
invert equation (23) with respect to m and n. This can be done by 
means of the convolution theorem and use of the theta functions. 
We recall that 


-j- 00 

(«, T) = 2 ?"* z2fl ( z = e,q=e ta ). (26) 

rt — — oo 


Consequently, in accordance with equations (11), (20) and (26), 


e 


_L_* 8 fJL, ifi) fJL, iii.V 

4/zd 8 V2A A 1 j * \2<* j 


(27) 


In the right-hand side of equation (27) we have a function which is 
periodic in x with period 2h and in y with period 2d. For this 
reason, and by virtue of equation (2 5) we obtain the inversions of the 
first two terms of the right-hand side of equation (23) using the con¬ 
volution theorem, equation (14). The remaining terms are inverted 
directly by means of equation (11). As a result we get 
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t y t x) S= A x I 15 -|~ A 2 1 21 + $1 f 12 4 " ^2 ^22 4 “ 

+ Ci K n + C 2 K n + D, K n +D 2 K w , 


(28) 


where 


/ __L_ f f a (£_ \ /tcLu 

mn Mid) J 4 2/i ’ A* ,x 

(i) 

x * s ' - - -^p ) ?»& ^ dl d ^ 


(29) 


K n 


Ahd 


d 0 j , l_k u ^ ( T Zl^L | x 


+rf 


x W-U n( ,,^,+ 


J_A I ^ ’ y i K Lu a q v m (l 0) \ 

+ 3 2d 1 * x 


X 


] — Lua 4; (T - 6) jxn(6,o)^| 


(30) 


By introducing the following notation, 

= i -^a = -^2ii = ^i2. = A n , Cj = j3 n , 

C 2 = B 21 , D, = B 12i D 2 = S 22 , 

equation (28) can be rewritten in the following form: 


t{x, y, t) _ ^ (Aij hi + S iy K// ), 

U 


i, j = 1,2. 
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The inversion of u(m,n,x) has the following form: 

u(x, y t x) = V (A'n I,j+ BiiK t i)(iJ = 1,2). (32) 

(Tn 

Problem 2. Solve the system of differential equations (1.1) and 
(1.2) with the following initial conditions: 

t (x, y, 0) = /, (x, y), a (x, y, 0) = / 2 (x, y) (3) 

and boundary conditions 


dt(0,y,*) = dt(x, 0, t) = ^ 

dx dy 

du(0,y, t) = du(x, 0, t) _ Q , (5) 

dx dy 

^(A, </,'') = (6) 

u.(h,y,x) = t*(y,x), (7) 

-X, (8) 

dy 

a m [ dU {X ' d > $ + » dt(X : + Xa (*. x) = 0. (9) 

\ dy dy J 


We employ here the two-dimensional, finite, complex Fourier 
transformation in the region F(— h < x < -+■ h, d -\-d): 



( 10 ) 


( 11 ) 
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When applying transformation (10) to equations (1.1) and (1,2) we 
get a system of two ordinary differential equations for the functions 
t(m, n, t) , u{m, n, x): 


=_ a „at ( m,n , t) + 2 a,,Si(x) + A(x) + 

ax f-q 

e pdH{m, n, x) 


duUn.n.T.) , 

- - c f x - -- =—a m au(m, n, x) + 


+ 2a m S,(x) — 2/ 2 (x)^-a m Sau(m,n,x) + 2a m SS 1 (x) 


where 


1 V 

m - 

2 

/i 2 
+d 


+ ■ 


d 2 


5/W = (— l) m i j* exp j X 

M 1 ), "O'*''l 


X 


+h 


. / 1 N 

it 

i m - 


LI 2 , 

It. 


//(*) 


= (—1)" f exp 


• i 1 A * . 

■ i m -—E 

2 h 


Z/(^.' c ) d 6 


( 12 ) 


(13) 


(14) 


Solving this system by means of Laplace transformation with 
respect to time, we get 


2 

T{m, n, x) = ^ {exp (— a q Lu v 2 o x) [4; ^ (m, n) -f 

/-I 

"t" Aim, /t) + C/ /i (t) D* I 2 (x) + a m D* S 2 ("c) + 

+ EtS x (x))). (15) 

The coefficients At , B t , C t , D/ are determined by equations (25) 
of the preceding problem and the coefficients D/ by the following: 


O/y 

£i = (- K0 + 2 UKoPn)- 1]. 

1 2 


(16) 
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The second function, a(m, n, t), is obtained from equation (15) 
by replacing the coefficients A t , C h D lt E t , with A t , B t , C p D t 
and E\, the last being given by 


E'i — 2« m o(— l) /+l 



(17) 


Using the convolution theorem and equation (11) we finally get 


t (x, y, *) = AJu + A-Jn + BJu + + EiK u +■ 

+ E 2 K 2l + a m D x Kn + a m D 2 K 22 + C X M U + C 2 Af 2l + 
-j- Di Aii 2 -|- E) 2 M 22 » 


where 


'"“iij *■ ( 


x—E ( y — n 


K u 


4 .VH 
1/ 


2h ’ A* 

d 


2d fit s 


X 


+<< 




■ft. 


h — x a* £ it (t — 9 ) 

2A ’ ft 2 


X 


V I a r>LHZ! a ^ TC (' I ~ 6 ) 

X > 8 I 2 d ’ d 2 


M kl = 


— f dfl ( 

4 Ad j l 


d — 3 / i «(•» — Q) ~ 


2 d 


d a 


X 


+ft 

X H 


.X — E aft tic (t — 6) 


2 A 


A a 


X( 


(Ed) de j, 


a k = v f Lua„ k, 1 = 1, 2. 


(18) 


(19) 


( 20 ) 


( 21 ) 


The inversion of «(/n, », x ) is given in equation (18) with A, 
replaced by 
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Problem 3. Solve the system of differential equation (1.1) and 
( 1 . 2 ) with initial conditions: 


t{x, y, 0) =/ l (x, y), u(x, y, 0)=f a (x, y) (3) 

and boundary conditions 

d l ( Q. y. /j) = to (*, o, t) (4 s 

dx dy 

d«(0, y. T ) = du(x, Q, t) = Q ^ 

dx dy ' 

t{h, y, t)= ^(y, t), (6)' 

*(h, *), (7) 

t(x, d, z)=> x^x, t ), (8) 

«(•*, d - 't) = XsO*. t). (9) 

In the solution of this problem too we employ the two-dimensional 
finite, complex Fourier transformation in the region 

l 1 (■ ■ h ^ x ^ h t — d y *i~ dy. 

?(m, w) = j*! exp j^—i --i-j 


— j(n,-cp( 5 ,Y) )did-q 


( 10 ) 


and the corresponding form ula 

_co, + o 


<P (x, y) 


1 


4 hd 


2 ex p 


(m, n) 


+ i n —- 


1 \ 1C 


2 ) d 




? »)• 


If, 


■Pi(m,«) = <Pi(4c, y). 


T>(». »)* ¥»(■*, y), 

then with the following condition: 


( 11 ) 


( 12 ) 


?iC* + 2 h-, y) = — <p t (x, y), 
fi{x,y + 2d) = ~< ? 1 (x, y) 


( 13 ) 
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we can apply the convolution theorem 


<Pi(«. «)=? «Pt(AT — I, y-Yi)<p s (E, r|) ck dr\. ( 14 )- 

J (n 

Substituting partial derivatives into equation (10) and integratingby 
parts we obtain a system of two ordinary differential equations for 
i(m f n , x)andtt(/rc, n, t): 


dt(m } n , x) 

du(m,n , x) 
dx 


a q at{m, n, x) +q < ,S 1 (t)+ — 

• a w au, (w, /i, x) + S 2 (t)— a m So? (m, n,t) + 

4" *$i (t), 


where, 


Si( % )~ 2( l) m i | exp | —if ft — i fn 


XM 7 l.' t )rf'»l + 2(— l)"i exp — ilrn 


X t «■ 


Xi (€,x) dL 


The final solution of equation (15) is 

t (x y y y t) = Ax I n 4" hi + A 2 4* -Ba ^aa4*2£i /Cn 4“ 

+2£ a Kzi + Ctm D x Kit + Dz K n , 


where 


/w = _L_ TWjLzL, 

4 hd . . I 2/i h 1 


y — Y) ^ TO/t T 
__ , — 


X/; fS, ■*)) d-q, 
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_d _^ f h — X ~ * in o-k (x — 0) 


A 2 


X 


+d 

x}», 

-d 


y — 'q — 6) 


2d 


d 2 


(' 0 . 6 ) ^ 


i r o 

—-— dfl -y- 

2Ad J I d* 


d — _y i nak (x — 0) 


2 d ’ d 2 


+ 


X 


x i 6 *[- 


x — j i mk (t — 6) 
2 h ’ 


(E, a) dS 


( 20 ) 


a A = a q Lu V 2 


The inversion of u(m,n,x) is given by equation (18) with At... 
replaced by A t .... 

Problem 4. Solve the system of differential equations (1.1) and 
(1.2) with the following initial conditions: 


t (x, y,0) = fi(x, y), u(x, y, 0) = f 2 (x, y) (3) 


and boundary conditions 


dt V/ ] - 

(4) 

«“(o. y.') _„( Ij o i , ) _o, 

(5) 

-X—^ V,t) +»i(y,t)-o, 

(6) 

fd«(A,y,t) B dt(h, y,x) 1 
d* dx 

+ ta (y. t) = o, 

(7) 

i{x, d,x) = Xl (x,x), 

(8) 

u{x,d, t)-&(*,'). 

(9) 



Two-Dimensional Fields of Transfer Potentials 


259 


Here, again, we use the two-dimensional, finite, complex Fourier 

transformation in the region r (— h < x <+h, — d. < y < -f d): 

in 00) 

and the corresponding inversion formula 


¥ (m, n) 


- 


<P (x, y) 


1 +%ur“ ic it _ 

2. exp (<-'n T x+in — y) v (m,n). 

(m,n) 


(ii) 


Continuing the functions x and u into the interval (— h< x <0) as 
even functions, and into the interval (—d <y < 0) as odd functions, 
on the basis of conditions (4) and (5), we get 


t(x,y,x) = t(— x. y, x), u (x, y,x) = u (—x, y,x), 

t{x,y,x) =— t(x, — y,x), u(x,y,x) = — u(x, — y, x), 

dt (x, y, x) _ dt(—x,y,x) 
dx dx 

du (x, y, x) _ dtt(— x,y,x) 
dx dx 


( 12 ) 

(13) 


(14) 


dt (x, y, x) _ d/(;c, -y,x) 
dy dy 

da (jc,y,x) _ du(x,-y,*) , 15 ) 

dy dy 

f l (x,y)=f 1 (—x,y)=—Mx,y ), Mx,y)=U-x,y)=-Mx,y), (16) 

=-ti (—y,.'), tafy. 1 ') = — I’m (—y. T ). ( l7 ) 

Xi (•*,-s) - Xi (-•*. ■*), XiM = (18) 


Using equation (10) to transform equations (1) to(9) 
x and y we obtain a system of two ordinary differential equations 

for,/ (m,n,x) and u(tn,n,x). 
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Finally we get, 


^ C*i Vj t ) — 1 AJn + A,Ui “I - Edit H~ ^ 2^22 "t - C,K n + 

+ C a tf al + DyKn + £> 2 /?22 + Ei Mu + £*^ 2 , + 

“l - a m D 2 M 2 2, 


/*!- 


1 


4/zd 



x — S i it a* x 


Kki = 


X»3 

1 

4ftd 


(H 

t/ — tj j it a* x 


X 


2d ’ d* 


31 ' 2h ' h* 

fi& ^d\d% 


HM 


h — x i it a* (t — 6) 


2h 


A 2 


X 


X f ft, 

~d 


y ^ i it aj (x — 6) 

L 2d ’ d? 


a)dvj J, 



iTca A (x —0) ' N/ , 
. X 


+ ft 



£zii 

2h 


in a k (% — $)' 
A 2 


Xi(«, 0) rf 6}, 


( 19 ) 


a At = G^Lu v| t 


Problem 5. Solve the system of differential equations (1.1) and 
( 1 . 2 ) with the following initial conditions: 


t{x, y, 0) = fi (x, y), u {x, y, 0) = f t (x, y) 1 (3) 


and boundary conditions 


ft( 0 , y, x) 

dx 


=t(x, 0, x) = 0, 


du (0, y, x) 


= »(*. 0, x) = 0, 


(4) 

(5) 
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T) - + 'h(</,^) = o, 

ax 

+s «Lt')l + Wi 

ox dx 


, dt ( x t d t x) . . „ 

\ - - + Xi(*. x ) = o. 


du(x, a !, t) dt (x, d, t) 

dy dy 


+ Xa(*. x ) == 0. 


( 6 ) 

(7) 

( 8 ) 
(9) 


Once again we utilize the two-dimensional, finite, complex 
Fourier transformation in the region P (— h < x < -1- h, _ d < y < + d) 

9(m, n) = JJ exp - tt -Ij---''] X 

(H 

Xcp(?,^)dUv| (10) 

and the corresponding inversion formula 


qo 

*<*•*>“ ihd 2 exp \m-jx + i(n- 

(m, fi) L . 

— -i-)!?(«.»)• ( n ) 


Upon finding the Laplace transforms with respect to t, we have 
a system of two algebraic equations of the first degree for two un¬ 
known functions * (m, n, s) and a(m, n, s). Solving this system and 
obtaining the inversion with respect to s, we get the same expres¬ 
sions as in Problem 1. Inverting with respect to m and n we get, 
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X 


ly — v | iita*x \ 

[-W—F- ) fMdU ' 


Kki = 


4/id 


r <i 9 \ ^ 

~h — x in a* (t; — 0 ) 

j i 8 

0 

.2 A ’ /t 2 


x j», 

~d 


y — T l t it gfe (t — a) 
2d ’ a. 


X 


( 7 1 > ®)d*t\ + 


+h 


+-[‘-=* J*»X 

—h 


xi(e,0)d6}. 


X 


a: — $ i it a* (t — 0 ) 


2 h 


h • 


(13) 


(14) 


The function «(jc,y, t) is given by equation ( 12 ) with At . • • 
replaced by ^ ... from equation (26) of Problem 1. 

Problem 6 . Solve the system of differential equations (1.1) and 
( 1 . 2 ) with initial conditions 


t(x,y,0) = Mx.y), »(■*.,y,0 )~f»(x t y) (3) 

and boundary conditions 


S((0 /' ,) -«*, 0 .,)_ 0 , 

(4) 

<(/i,y,t) = 1 )» 1 (y,t), 

(5) 

( 6 ) 

£ 

/-s 

Vi 

H 

11 

-e- 

to 

O'* 

(7) 

1 dt(x,d, t) ■ 

? <jy +Xl(X,X) “ 0, 

( 8 ) 

„ da(x,d,- 1 ) , *di(x,d,t) , 

a '» ^ +a "° fly + Xs(*.*) = 0. 

(9) 

In order to solve this problem, we make use of equations (10) and 
(11) of Problem 3. Continuing t and u into the interval, (—h <x<0) 
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yy the even method, and into the interval (—o?<y< 0 ) by the odd 
method, and transforming with respect to the spatial coordinates, 
we get the system of two ordinary differential equations ( 12 ) of 
Problem 2, where now, 


in ■ 


h 2 




5/W*(-1) w M exp 


i 

~d 


X 


i\ m ■ 


1 \ it 


2/ h 


d* 




4/ O']- 


X 


//(*) = (-- !)“i j* exp — —jxy(?,t)cfE, 


( 10 ) 

( 11 ) 

( 12 ) 


-ft 

The solution of this system is obtained from equation (15) of 
Problem 2. 


t i X t y< ' c )=^ll'll+^2Al + 5/l2+ B 24!! + £ l^n + £2^!!l + ^ 

-f- CLm ~h CiM-yi -h C 2 M st -|- DyM 12 -4" (13) 


where lkuKki,M kl are given by equations (19), (20) and (21) of 
Problem 2. The function u (x, y, x) is given by equation (13) with A t 
replaced by A\, as indicated in equation (17) of Problem 2. 

Problem 7. Solve the system of differential equations (1.1) and 


( 1 . 2 ) with the following initial conditions: 

t{x, y, 0) = fi (x, y), u(x,y,0)=*f a (x,y) (3) 

and boundary conditions 

o,x) = o, W 

dx 

a (x, 0, X) = 0, (5) 

dx 

t(A,y,x) = i|) 1 (y,t), ( 6 ) 

u (A, y, x) = 4s (y, t), ( 7 ) 
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( 8 ) 

( 9 ) 


t(x,d,*) =?= Xi(x,*), 

it ^) — 5^2 (x, x). 


To solve this problem we continue t and u into the interval 
(-h<x<0) by the even method, and into the interval (-d<y <0) by 
the odd method and we make use of the following formulas: 


f (m, n) 



0 °) 


<p(x,y)= 


< 


4 hd 


exp 


(w, n) 


m — - 


1 Z . It 

—x 4- in — 7] 
h d 


<P (m, /*). 


01 ) 


Transforming with respect to the spatial coordinates, we get the 
system of two ordinary differential equations (12) of Problem 2, 
where now 


m - 


h 2 


+ 


h^ 

d 2 


5/('c) = 2(— \) ,n i exp 


+d 

'1 


in — 7] 
d 


1 \ it 

t m -— 

2 / h 


X 


( 12 ) 




— 1)" J exp 

-h 


1 U! 




X 


x( fa 7j&&')*• 

The solution of this system is obtained by the usual method- 
inverting we get 

t{x, y,t) = J 4i/ u + J 4 a / slT f- B 4 / 12 fi 2 / i!2 _)_2£ ! i/<', 1 + 

+2£ 2 A: 21 -f a,„ D l K 11 + a m (14) 


where I u , Km are determined by formulas (19) and (20) of Problem 3. 

The coefficients Ai are the same as given in Problem 3. The 
function u(x,y,%) is given by equation (14) with A t , Bi... replaced 
by A B, ... of Problem 3. 
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Problem 8. Solve the system of differential equations (1.1) and 
(1.2) with the following initial conditions: 

t(x, y, 0) =fi(x, y), u(x,y,0)=f t (x,y) (3) 


and boundary conditions 


t(0, y,*) = t(x, 0, t) = o, 
u (0, y , -c) = u{x, 0, t)==0, 
t (.x, d, t) = x.i ( x < 


(4) 

( 3 ) 

( 6 ) 


u(x, d, -c) = Xi( x . "')■ 


OX 


( 8 ) 


du(h, y , t) 
1 dx 


+ a, n 8 


j) 

dx 


-i- <My. ,t )= 0 - 


(9) 


To solve this problem we continue t and u into the intervals 
, v <.- n\ an( j / .-r - v< 0) by the odd method and use the formulas 

of Problem 2. Transforming with respect to the spatial coordinates, 
*S the system of two ordinary differential equations of Problem 
2, where now 



-it 


Solving this system and inverting, we get 


t{x , y, t) = A,I n + A 2 / al -f B x l n + + E.Ku + +" 
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+ a mD 2 K 22 H~ CiM n -f C 2 M 21 -{-D 1 M J2 + D 2 M 2i , (13) 


where 




X 


4 hd 

y — <v itt 
2d- ' ~dT 


X — i a^i ixx 

~aT’ _ A r ‘ 


X 


/,(?, Tl) c/ e d v 


/V bt — - 1 (ffl < - LTq 

' 4Ad J ' * 


_d_ 

dy 


d — y i ita k (t — 0) 
~2d d 2 


X 


-h 


X — 6 i itg fe (t — 6) 

2 A ’ A* 


X/ 


(5, 6)flfc}, 




4M 


d0 d. 


h — x / 7t a A (-c — 0)] 

2 h ’ A® 


X 


N/ f ft. ^ irn k (x — 0)' 

X J *• hd~- 


-d 


4>£ (^. 6 )^ , 


a M = \a q Lu. 


( 14 ) 


( 15 ) 


( 16 ) 


The coefficients A t ... are given in Problem 2. The function 
^fp^oblem 2^ Ven ^ e( l ua ^ on (16) with -4,, 8 /... replaced by A t , B, 

n A r °!! em .r , Solve the system of differential equations (1.1) and 
(1.2) with initial conditions 


t(x, y, 0) =/ x (*, y), u(x, y, 0) =/ 2 (x, y) (3) 

and boundary conditions 


HO, y, x)=t(x, o, t)=o, 

u(0,y, X) = u(x, 0, t) = 0, 


( 4 ) 

( 5 ) 
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OX 


+♦,(*, ).o, 

OX 

+ Xi(*. ' t ) = 0, 


° m ax 1 9x 

dt (x, d, x) 


a y 


du ix^) + 8 + Xa (x, x) = 0. 

m dy dy 


( 6 ) 

(7) 

(8) 
(9) 


The solution of this problem with boundary conditions of the first 
and second kind is obtained by utilizing the following formulas; 


<P (m, n) = 





1 \ it 


<p (x, y) ; 


<p(S. ■»!)$. d% 

x - S exp [ i 

ti F L 


( 10 ) 


- oo, *|" oo 




l 1 \ 

7T 

In - 

— y 

l 2/ 

d 


<p (m, n). 


( 11 ) 


Transforming with respect to the spatial coo . r “ p s ’ W 1 whSe 
system of two ordinary differential equations of Probfem 1, where 

now 



+<< 

r 

/ i ^ 

tc ~ 

] exp 

- i ( « - — 

L v 

7" 1 


<|>i fa T ) dx\ + 





268 


Two-Dimensional Fields of Transfer Potentials 


+h 

+ (— \) n i J exp Xi 

Solving this system and inverting, we get 


where 


t (x, y, x) = AJ n + AJ n + BJ n + B 2 / 22 + c t K u + 
+ C 2 Ki 2 + D^u + D'iKm, 

4hd JJ 2/t ’ h 2 j A 
<r) 

xvft?- 


r d6 { 0 rinf i ^(x~8) 

4Ad J | 2h ’ h? 

U 


x r 


2 2d ’ 


tiOi. 6 )*i + 


+ a, r _^~-V t^lx-S ) 1 
*1 2d ’ d* X 


x f 8 2 fc-I i!L a *ilz!) 

J L 2ft ’ h? 

—h 


h (&. 6)d$ 


«VTs ^ ' are given in Problem 1- The function 

Problem 1. S by equatlon < 14 )* with A t replaced by A] B. of 


(iJ^giiSi c S Sl Sy8,em 01 dU,e «"““ 1 M 


*°Wi(*. y), «(*, y, 0)=/ 2 (x, y) 


and boundary conditions 


*(o, y, x ) = t(x> o, x) = o, 
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u (0, y, x) = u (x, 0, x) = 0, 


t(h, y, *) = ty 1 (y, x), (6) 

«(A, y, *) = <My, t), (7) 

<(x, t) = Zl (x, t), ( 8 ) 

u(x, d, x) — x 2 (x,x), 


To solve this problem with boundary conditions of the first kind 
we employ the formulas used in Problem 1. Transforming with 
respect to the spatial coordinates, we get the system of two ordinary 
differential equations of Problem 3, where now 


„ !m 2 n 2 ' 

a = tc 3 --. , 

U a d 2 l 

*{* d 


Sj(x) = 2 (-l) m j exp^~ i/i-y 7) j ^ X 

X t; ('»). x)dx\-\- 2 (— l) n J exp ^—im~ E j X 


X x)d\. 

Solving this system and inverting, we get 

x ) = Ai hi + AJn + BJ 12 + 2 + 2 E x K n * 

+2 ^2^21 2^*22/ 


where 


/« - 


^) x 

(r) 


X ^3 


y — Y| i i:a k z 

2 d ’ 


fi (E, 




2 hd 


X 

T 


do I- 




A—x iTua^,(t — G) 


2 h 


h 2 


X 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 
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x 


d— y 0) 


Tt:a&(x— 0)1 

- - -- fa #)<*■*) + 


+ -— S 3 

dy 


2d ’ 


d 4 


X 


+h 

X J », 

—h 


2 T’ T> 


x — 6 i rca* (x—0) 

A* 


(14) 


The coefficients A ,3, are given in Problem 3. The function u(x, y, x) 
is given by equation (12) with A\B\ replaced by A b B l of Problem 3. 



CHAPTER VI 


Heat and Mass Transfer with 
Both Molecular and Molar 
Transport of Energy and Mass 


The experimental investigations of P. D. Lebedev, G. A. Maksi¬ 
mov, V. V. Krasnikov and others show that during intensive heat in g 
processes a molar (filtration) transfer of heat and mass can occur 
in a porous medium under the influence of hydrodynamic forces. 
This molar, or macroscopic, transfer occurs in addition to the 
molecular heat and mass transfer. To such phenomena belong the 
motion of liquid caused by expansion of confined air and the filtra¬ 
tion-like movement of steam caused by the non-relaxing pressure 
gradient of a steam-gas mixture. The superposition of macroscopic 
transport upon molecular processes talcing place in a medium, 
affects the transfer mechanism and causes a substantial intensifica¬ 
tion of the process. For example, in drying cellulose by high 
frequency current and infra-red rays, about 50% of the moisture is 
transferred to the surface in the form of vapor as a result of the 
internal pressure excess. As a first approximation, molar mass 
transfer in a porous medium can be described by d’Arcy’s law, 
according to which the molar, or macroscopic, flux of mass is 
proportional to the pressure gradient and inversely proportional to 
the kinematic viscosity; the proportionality constant is called the 
coefficient of permeability. Thus we can regard the quotient of the 
latter by the kinematic viscosity as a transfer coefficient for macro¬ 
scopic mass transfer, and we can regard the pressure as the molar 
or filtration transfer potential. Then the system of differential 
equations for heat and mass transfer with both molecular and 
macroscopic transport of energy and mass can be represented in 
the following form: 

c il ~j~ ~ V (X, V t) -|- 2 p c m y ~ - V c t q m i 

ax ox 

i 

Ct “ = v [Mvo + bvO+Cvp], 

Ox 


C P T 


dp 


= v(x„vp)-3 Ct 


i! 

d t 


(XVIII) 
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Here, is the thermal conductivity, \ p is the coefficient of macro¬ 
scopic mass transfer, c p is the specific “vapor capacity” of the 
medium, p is the “filtration” potential, and c' m is the specific 
“mass capacity.” The latter is the derivative of the specific content 
(concentration) of bound matter with respect to the mass transfer 
potential; in a moist, porous body the isothermal specific mass 
capacity is thepartial derivative at constant temperature of the ratio 
of moisture to skeletal mass with respect to the mass-transfer 
potential. The remaining notation has been presented in previous 
chapters. 

For simplicity, the system of equations will be arranged in 
dimensionless form. The following version is applicable to computa¬ 
tion, by zones, of high intensity, one-dimensional heat and mass 
transfer: 


dTjX, Fo) = i mX, Fo) _ e Kq d8(X, FoJ_ (XV nr) 
3Fo dX 2 dFo 

d 9 (X Fo ) d 2 9(X, Fo) 
dFo ° dX 2 

myc, Fo) Bu d 2 P(X, Fo) 

dX 2 p Ko dX 2 

dP (X, Fo) _ r d 2 P (X, Fo) , _ Ko d 0 (X, Fo) 
dFo Up dX 2 + E Bu dRo 


where 


Bu = _ i S the Bulygin number, characterizing the “accu- 

Cq mulation” capacity of the body; 

Lu ; , — — is the “inertia” number of the pressure field 

a ‘ ! with respect to the temperature field (a p is the 
conductivity coefficient of filtration potential); 

JC 

X = — — is the dimensionless coordinate; 

T, 9, P — are dimensionless potentials of heat, mass and 
filtration transfer respectively; for uniform 
initial distribution of the potentials: 

T = iziL ) e = - 9 °~ fl P-F-Po 

t c *0 6 0 bp p Q 
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1 . NON-STATIONARY FIELDS 
OF ENERGY AND MASS-TRANSFER POTENTTAT <5 
WITH BOUNDARY CONDITIONS OF THE THIRD KIND 

We shall now find the unsteady-state distributions of dimension 
less potentials in porous media whose shapes approximate Jtw 
infinite plate or a sphere We assume that the problem is sy^mef 

rical, and the initial distributions of the potentials throughout the 

material are uniform. Then the boundary conditions are 


dTJX Fo) 
dX 


' Bi<jr [1—Y (1, Fo)] + 


+ (1—e) LuKoBl m [1—0(1, Fo)] = 0, 

Fo) pn ar(l, Fo) 
dX dX + 


f 


Bu Lupi dP(l, F.o) 


Ko Lu 


dX 

P(l, Fo) = 0, 


+ Bi, [1-0(1, Fo)]=0, 


dT( 0, Fo) = d 0 (0, Fo) __ dP (0, Fo) 
dX " dX dX ~°’ 

T(X, 0) = 0, 0 (X, 0) = 0, P(X, 0) =0. 

a) Infinite Plate. 

Let us denote 


(1-1) 

( 1 . 2 ) 

(1.3) 

(1.4) 

(1.5) 


F i.(X, s) — f F(X, Fo) exp (-s Ro)dFo. 

« 


( 1 . 6 ) 


Applying the integral Laplace transformation to equations (XVIII’) 
and considering initial conditions (1.5), we get 


sT l = T' l — e Ko s 0i, 

s 0;; = Lu 0.' - LuPnr: - Lup — P' L , 
L L Ko 


(1-7) 


( 1 . 8 ) 
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The solutions of the system of ordinary differential equations 
(1.7) to (1.9) in terms of transforms can be obtained by the following 
method. From equation (1.7) we determine ©l and substitute it into 
equations (1.8) and (1.9). As a result, we get a system of two equa¬ 
tions in T h and P L \ The solution of the new system is found by 
means of a second Laplace transformation with respect to the dimen¬ 
sionless coordinate. The solution for is thenfoundby substitution 
of the expressions for T L and P Ly and their second derivatives into 
equation (1.7). 


Tl = Ai exp 0/T v, X)+A 2 expfl/T v 2 X) + 

+ A s exp (]/T v 3 X) + A t exp ( — yT Vj X) -f 
+ A* exp(-VT v 2 X) + A 6 exp (- ]/T v 3 X). (1.10) 

~ 777 - Mi (1 - ) exp 0/T vj X)+ 

+A (1 - vj )exp(VT v 2 X) + A a (1 -v 3 2 ) exp(/7 v 3 X) + 

+ 4<(1 — Vj)exp(—l/TvjXj-f^^l — v® ) exp (—l/T v,X)+ 

+ 4,(l-v;)exp(-yTv,X)] f (1.11) 

Pl = TbiT CTl exp ^ Vl ^ 2 ° 2 exp ^ v a x )+ 

+ A a o 3 exp (VT V, X)+ A± 0 X exp (— yT v 2 X) + 

+ A;, o 2 exp (— l/T v 2 X)+ X 6 a 3 exp (—yT - v 3 X)]. (1.12) 

Here, 

a J ~ ^ ~ s )(l — v y) “^Lu(l — v 2 ) v 2 — s KoPnLu v 2 , (1.13) 

v/ = -j/ A/ + i-a , (/ = 1, 2 , 3). (1.14) 

The A ; - appearing in equation (1.14) are determined by 

a-|/—L n,+ y Tifyp? +■ 
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The correct values of A should at the same time satisfy the follow¬ 
ing relationship: 


-T n «- 


VT n ' + 2 f n i X 


where, 


_i_TT 

2 2 


4 n 2 27 111 


+ P, n 2 


2 a 8 afi 
"27~ + ~3~ 


a= l + (l_ e )J_ + _L_ 

Lu Lu p 


eKoPn, 


= (i-4— + 1 

Lu V 


r— + e KoPn ) — 
Lu ) Lu„ 


The values of v/ for various values of the dimensionless numbers 
of heat and mass transfer are given in Table 36. 

Thus, the general solution of the system of equations (XVIIF) in 
terms of transforms can be described by equations (1.10) to (1.12), 
where A k (k= 1, 2,.... 6) are constant coefficients with respect to 
X. The values of the latter are found from boundary conditions (1.1) 
to (1.4). First, utilize the conditions of symmetry (1.4). Following 
with the Laplace transformation (1.6) they become: 

r L (0, s) = 0' (0, s) = P' L (0, s)= 0. 

In order that the general solutions satisfy the conditions of Symmetry 
we must have 

Ai = At, A^ = An, ./I 3 = ^4(5. 

On the basis of these relationships, the solutions (1.10) to (1.12) can 
be rewritten in the following form: 


T,. (X, s| = 2 C/chl/sv,*, 


(1.15) 



VJ = Vy (LUp, Lu, e, KoPn) 
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3 

Oi. (2f, s) — - - y iCi (1 — v°) ch|/"i v j X, 

e J\o j an 


o 

P 2 (X, s ) = 7^S CiojchVl^X, 
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( 1 . 16 ) 

(1.17) 


where C/ (7 = 1, 2, 3) are new constants with respect to the coordi¬ 
nates. Applying the transformation (1.6) to the boundary conditions 
(1.1) and (1.2), we get 


7l(1, s) — Bl^ |~y-7\ (1, s)J + 
+ (1 — e) LuKoBi m £-1-0 L (1, s)] =0, 


+ p£.( lt S ) _|_ Bi 


ei(l,s)+Pn Tk(l,s) + 
1 


Ko Lu 


©z. (1, s) 


= 0, 


Pl ( 1 , s) = 0 . 


( 1 . 18 ) 

(1.19) 

( 1 . 20 ) 


Substituting the solutions (1.15) to (1.17) into (1.18) to (1.20) we get 
the system of algebraic equations 


2 C/P/-b ~™=0 


/- 1 

3 


b Kq 

s 


.2 C/Qy + 


e Ko Ki — 1 


/-1 
3 


2 C Ml = 0 


/-I 


( 1 . 21 ) 


solving the above yields 


C,=~r 


(e Ko Kr - 1 ) P 2 - &"/>,) - eKo (Q, - & Qa\ 

_ l * I V Xs_ I 



-~Qs)- 

-{p>-^p s \ 

(Qi -' Li q 3 ) 

L\ X3 A 

Xo / 

\ Xs / 

\ X3 / J 


, ( 1 . 22 ) 
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(el 




L\ x. /' 

Xa 


C,=- 


■ sKo [Q, • 

l 'Q, 

7.3 


Xl Qi 

Xa A 

Xa 

eKo (Qi X * 

-~Q 2 ; 

\.Xi. 





Xs 




where 


Pj = (l — vy) ch V~s v / + 


Ltip 


(1-vJ)+«KoPn 


+ ■ 


Bi„ 


- Y S V/ sh V S V/, 


(1.23) 


(1.24) 


Q/ 


= [l +(l - V/ 2 ) Ki] ch 1/7 vy + -£~V S V/ sh V s vy 

UlQ 


X/ = a/ Ch y7 vy. 

la order to obtain the inversion, each of the solutions should b© 
represented as a ratio of two generalized polynomials in 

s; . The common denominator of the respective ratios for 

¥(«) 

Tl , and Pl is 


ns) - s (q 4 - & Q, j - 



Analysis of the ratios and of the roots of the denominator of equation 
(1.25) shows that the necessary conditions for inversion by the ex¬ 
pansion theorem are fulfilled and that we can utilize the following 
formula: 



®]0) 
¥ ( 0 ) 





exp (s„Fo), 


where, s = 0 and s = s n are the roots of equation (1.25). 


(1.26) 
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Determining y(0), *(0), f(U ® (s„) for the distribution of di¬ 
mensionless transfer potentials and substituting the values ohtain a 
into equation (1.26), we get the final solution of the probl em 7 


OO 3 


nX ■ Fo) ” 1 " 2 S c ^“«-ft.rexp(- liFo) , (1 27J 


e(^,Fo) = i + _i_ y; y 

aKo ^ " 


,X 


«“1 /-I 


X C n/ (1 - v 2 )cOSV /!J , n ^ eX p(_ ( 1 2 Fo j ) 




X 


n -1 /-t 


X £„/ Oy COS vy|j. n X ex p (- ( J .2p 0 j. 
The coefficients C n , are determined by 


(1.28) 


(1.29) 


£>U = 2 (eKo/Ci — 1) ( Pni~ — P n 

XnB 


e Ko (q „ 2 — QnaWfAi ) -1 > ( 1 . 30 ) 

\ XnS / 


= - 2 (s Ko /<! - 1) (/-V- 25al p n 


Xn3 


•Kof (i- 31 ) 

\ Xus / 


C n3 = 2 (eKoK l -l)(P nl ^-P, 


rt2 

XriS Xfl3 


e Ko (QbI — ~Qna“') W,)- 1 , 
V X„3 Xn«/ 


(1.32) 
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where, 


1>. = ( P nl~ — V 2 4 n2 - ^ (V 3 ^„ 3 + b n2 Q n3 ) ] + 

\ Xn8 1 L Xn3 J 

+ \\B nl - (v 3 B„ 3 -1- & ni p n3 )l (q„ 2 -^ Q nS ) -- 

Xn 3 J \ XnS J 

- (p*~ ^P n ») f ^ M„ S + bM 1 - 


- V 2 B„ 2 -^ (v 9 B n8 +6 n2 P n3 )1(Q nl -^lQ n3 V (1-33) 

L Xn3 J V XnS / 

A nl *= 1 + H- (! — v y) ^Cx sinv^-l- -^cosv /( * n , (1.34) 


B„i= (l“ v /) sin V /H'n + ■ 


(l-v=) + eKoPn+-^- *, 


X (sin v/|i„ + v ; -(i n cos vyjj, rt ), 

^/ = v /tgv/p. n -v 3 tgv 8 iJ, n , 

(1 — v2) H- eKo Pn + °i 

P n l = { 1 - v /) cos v^„--- - -—-X 

D1 m 

X VK sm '/jv-n, 

Qni = [1 + (1 — Ay COS — ^2- sin v/p n , 

Dig 

Ini = 0/ COS v /( i„. 


(1.35) 

(1.36) 


(1.37) 

(1.38) 


(1.39) 


The characteristic roots n n = iV~s„ are determined by the 
solutions of the following equations: 


( ft -Sp.)(e.-Se,)-(p,-& P ,)(< )l _ae,) = o . llM> 


Tables 37 to 42 and Figures 48 to 52 give the values of the charac¬ 
teristic roots, for various dimensionless numbers as a function 
of Big. The values of \i n were obtained by graphical solution of 
equation (1.40). 



Table 37. Roots of characteristic equation (1.40) as a function of 
Bi (Lu = 0,3, £ = 0.7, KoPn = 2,25, Lu p = 500) 
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Table 38. Roots of characteristic equation (1.40) as a function of 
Pn (Lu = 0,3, e = 0,7, Bi m = 20, Ko = 9, Lu p = 500) 
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Table 39. Roots of characteristic equation (1.40) as a function of 
Ko (Lu = DA ^ = 0,7, Bi m = 20, Pa = 0,25, Lu p = 500) 
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Table 40. Roots of the characteristic equation (1.40) as a function of 
Lu p (Lu = 0,3, £ = 0,7, Bi m = 20, KoPn = 2,25) 
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Table 41. Roots of characteristic equation (1.40) as a function of 

E (Lu = 0,3, L Up = 500, Bi = 20, Pn = 0,25, Ko = 9) 
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Table 42. Roots of characteristic equation of (1.40) as function of 

Lu (« - 0,7, Bi = 20, Ko - 9, Pn = 0,25, Lu p = 500) _. 
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Fig. 48. Characteristic roots for an infinite plate 
as a function of: 

a - Bi m (Bi q = 0.1-2.0), b — Bi m (Bi q = 1.0-20). 
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Fig. 49. Characteristic roots for an infinite plate 
as a function of: 

a — Pn(Biq = 0.1-2.0), b — Pn(Bi q = 1.0-20). 







Fig. 50. Characteristic roots of an infinite plate 
as a function of 

a — Ko(Bi q - 0.1-2.0), b — Ko(Bi q = 1.0-20). 
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Fig. 51. Characteristic roots for an infinite plate 
as a function of 


a — Lu p (Biq - 0.1-2.0), b — Lu p (Biq = 1,0-20). 
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Fig. 52. Characteristic roots of an infinite plate 
as a function of 
a — e, b — Lu. 
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The average value of a dimensionless quantity is given by the 
following formula: 


<p(Fo)=J cp(X, Fo)dX, 

0 

therefore, for average dimensionless transfer potentials, we get 

00 3 

f=l- 2 S A,/exp(-F’Fo), 0 - 41 ) 

n~l /-1 


00 u 

1 + T^ 2 2 D "/( 1 - v ?) exp(-^Fo), 


n-1 y-i 


00 ° 

* = ~ i4r 2 2 ex p (-- ^ fo). 


y-i 


(1.42) 


(1.43) 


Here, 


D„/ — C n j 


sin V/frn 

V /P'n 


The expressions for rates of change of the corresponding param¬ 
eters and for consumption of heat and mass are easily obtained 
using the well-known formulae given above. 

Results of numerical calculations in accordance with formulae 
(1.27) to (1.29) and (1.41) to (1.43) show that the infinite series 
appearing in the solutions converge quite rapidly. Beginning with a 
certain value of the Fourier number only the first two or three terms 
have to be utilized for the computation. On the average, beginning 
with the value of Fo =0.7, the error committed by using only the 
first two or three terms of the series does not exceed 1-2%. On this 
basis, equations (1.41) to (1.43) can be simplified to the following 
form for practical computations: 


2 

1 - 2 D n T exp (— pi Fo), 

n= 1 
2 

© ~ 1 + 2 °« 9 exp(— Fo)- 

n= 1 

2 

D„ p exp (- Fo ), 


(1.44) 

(1.45) 


(1.46) 
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where 



The values of coefficients C nh D nh and D„ T , , D„ p for various 
dimensionless numbers of heat and mass transfer are given in 
Tables 43-47. 


b) Sphere. 

The system of differential equations for high intensity heat and 
mass transfer (XVIII) in a sphere can be put into the following form: 



d[XT] 

dFo 

W e K 0 - 

dX' 

d[X0] 
dFo ' 


(1.47) 

d[X0] 

-Lu 52[X0 L 

-Lur/I* 7 ' 

. Bu 

- LUn - 

d 2 [XP] 

(1.48) 

dFo 

dX 3 

dX 2 

P Ko 

dX i 


a t XP l = L U p 
dFo 

d*[XP] c Ko 
dX 3 Bu 

d[X0] 

dFo 


(1.49) 


Here, we denote 


XT = T*, X9=e*, XP = P* (1.50) 

Thus, the notation here is identical to that used for an infinite plate. 
Consequently the transformed solution is 


T\ =J 4, exp (yTTv,X) + .<4 a exp ()/7" v 2 X) +^ 3 exp (l/sv»X) + 
+4* exp (-1/7 v, X) + A exp (- V s \X) + 

+ exp(— Vs v 3 X), 


( 1 . 51 ) 
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0 * £ = -7^1Ai(l-v?)expa/7 v^+^l-v&expO/T v 2 X) + 

-h^ls(l— v3)exp(l/7v s X) + X„(l —v?) exp(—1/7 \X) + 

+^ 5 (1—v|)exp(—V7v 2 X)+X 6 (l— va)exp (—i/s' v 3 X)], (1.52) 

Pl " Tbu [Al 01 exp (VJ Vl X)+A ° 2 exp {V1 v * X) + 

+ ^ 8 °3 exp (V7v 3 X) + exp (—i/s’v x X) + 

+.d 6 a 2 exp(—]/7v 2 X')-f-/ 8 a 3 exp (—i/s’ v 8 X)], (1.53) 

where ay and V/ are determined by equations (1.13) and (1.14), 
respectively. 

The conditions of symmetry for a sphere (1.14) transform to 

T'l (0,5) = el (0, s) = pi (0, s) = 0. 0.54) 

In order that equations (1.51) to (1.53) satisfy the conditions (1.54) 
we must have 

A 2 = — 4 6 , A g = j4 6 . 

Consequently, the solution of the problem has the following form: 

3 

Tl ( X , $) = S sh ]/T v/ J*C, (1.55) 

/“i 

3 

e* (X, s) =-2 C 7 (1 — v y) sh v^-vy X, (1.56) 

s Ko/Ti 

3 

P2 (X, s) = -J- V CJ cj sh yjvjX. (1.57) 

Substituting equations (1.55) to (1.57) into boundary conditions (1.18) 
to (1.20) and considering equation (1.50) we get the following system 
of algebraic equations; 




Table 43. Values of constant coefficients for an infinite plate 

(Lu = OA e = 0,7, Bi„ = 20, Ko = 9, Pn = 0,25, Lu„ = 500, Bu = 1 • 10~ 3 ) 
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2,420 2,657 2,746 2,790 
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.0,8565 —0,1286 0,1576* 10“ 3 —0,7892 —0,1611 0,6416*10 5 

2,437 0,8314 —0,4340 2,646 1,459 0,1683 



Table 44, continued 


Molecular and Molar Energy and Mass Transport 


297 




298 


Molecular and Molar Energy and Mass Transport 



- 0,8017 — 0,7711 • 10' 1 — 0,7751 - 0 , 7471 - 10' 1 — 0,7506 — 0 , 7946 - 10' 1 — 0,1067 

2,017 - 0,1587 1,919 0,3226 2,317 - 0,7329 4,400 



Table 45, continued 
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2,790 2,836 4,074 —0,7657-10-1 3,904 5,847 
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- 0,7505 — 0,1376 — 0,7305 — 0,1651 — 0 , 1733 - 10 -i 
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■ 0,7298 — 0,7344 — 0,7381 — 0,7267 

4,931 2,790 1.609 1.371 
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where 




i_ J_ + ^i-v^ijshy7 v /+ 


+ -rr- V~s v; chips' V< 

Jtjtq 

Lu n 

(1— v^ + sKoPn-h-— a i 

P* _ ___—-(/Tv/chl/Tvy-shl/7 V ,) + 


Bl„ 


+ ( 1 - V ?) shi/s' vy , 

Xy = oy sh V s v z- 


This solution may be written as 


■*' “L 


C* = (bKo/Ci- 1) 


X {s 


p* —Ll-PZ ) -• KofQa —^1-^3 


p* — , 
L 2 


x 3 


x 3 


X 


p -f^X Q *ir Q ° 


-i 


. v / p* P* | — e Ko 

(eKoKi—1) 1 3 J 


(«-I® )l x 


X S 


« *PS lies -§-«* 


1 x 3 


X3 




p* 

o 3 = 


_4p* XL_ p » ’i'l-.Kok 


(eKoKx-u p: 


1 x 3 


X 3 


X 3 


X 3 / J 


X 
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X3 



-l 


Thus, the transform of the problem under consideration has been 
solved. 

The inversion of (1.55) to (1.57) is obtained from the expansion 
theorem, after converting the numerator and denominator of corre¬ 
sponding expressions into generalized polynomials. Because the 
method of transforming generalized polynomials for a sphere has 
been considered many times in the previous chapters, we give only 
the final solution: 


00 0 

X + Yi S C ni sin H * expFo)< 

»-W -1 

00 3 

6* = X - S C ni ( 1 - v /) sin V ' exp 

u-W-1 
1 .00 3 

p *S c <^ sln v / ^ * exp Fo ' 1 ’ 


n—1/—1 

or, after equation (1.50) is taken into account, 

T-l+SSc^e.pl-^). 

fl-1 /-I 

9- iw t S'^ 0 - ^ 

ff-1 1-1 

J-l 


(1.59) 

(1.60) 

(1.61) 

(1.590 

(1.600 

(1.610 


here, C nI and ^ are determined by equations (1.30) to (1.33), re¬ 
spectively. The characteristic roots p. are determined by equation 
(1.40), 


A nl~ II + (1—v/)/fi]cOSv /( » n - 


1 

Bl ? 


V/[», n Sln vy.(A n , 
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Lu„ 


B„/ = (l — vJ)C0S'VyjJL„— 


(l-^) + eKoPn+fZ 


Lu J 


Bi„ 


v /Mnv/|x rt , 


Qnl — 


Bl„ 


+ (l-vJ)/Ci 


Lu„ 


v / 

Sin v / fti + “gj C0S v /f 1 n> 


d (1 —v/) + eKoPn-f ®/ 

P " /== —- : -( V / (VOS V; p. B — Sill V /( l n )-f 


Bi„ 


+ (1 — v/)sln Vyp.,,, 
X n j = o /S in v;n„. 


The average values of dimensionless transfer potentials for a sphere 
are 


?(Fo) = 3 jx» 9 (X,Fo)dX. 

0 

After the necessary operations we get 

oo 3 

r=1 + X IjA./exp(—[i|Fo), 

II -1 /-i 
J oo 3 

9= 1 - TtoSI! 0 ^ 1 ~v/)exp(-^ F °), 


where 


/i-i y-i 

oo 3 

P=T5irSS D »/°/exp(- ^ Fo), 


i»—i y-i 


A./ = C„f 


3 (sin v ; — v/ cos v/ Hn) 


2 2 ' 
V H 


(1.62) 


(l.f«V 


(1.64) 


For practical calculations, equations ( 1 . 59 ) to ( 1 . 61 ) and (1.63) to 
(1.64) can be simplified using only one or two terms of the series. 
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2. NON-STATIONARY FIELDS 
OF ENERGY AND MASS-TRANSFER POTENTIALS 
WITH BOUNDARY CONDITIONS OF THE SECOND KIND 

In a number of high intensity processes the mass flux of vapor- 
ized material, q m (x), changes continuously with time. In this case 
the boundary conditions for one-dimensional problems should be 
written in the following form: 


d t (/? xl 

~ c?To + a &~ HR, *)] - (l -«) p q m (t) = o, 

+ c - 1. — - + fa W - o 

p(i?, -c) — <P (x). 


g enera -lize the problem, transfer of mass in the liquid 
phase is here separated from transfer of mass in the vapor phase. 

^ t T tl0nWlUbemadeinthes y stem of differential equa- 
£ 0n ® f intensity heat and mass transfer. Moreover, in order 

It f Pl f y ft the 0 n ° ta J ti0n ’ transfer Potentials will be denoted by 0„ 
thus t = 0„ 9 = 9 2 andp = e 3 . The entire system becomes 


^±- = a , jL 6 i | e P<?« 

dx dx 2 c, d x 


30, 


d 2 6j 


dx 2 


d'-% 
dx 2 


+ ^ + e ^ 

dx 2 dx ’ 


a s t 


dx 3 dx 2 


“f" e To ~ — 2 -, 
c s dx 


b t {x, 0)= f t (x), 
(0<x< R) i= 1, 2, 3, 


d x 


= 0, 


d 8t (i? t) 

• <?i Te —JJ- + ■“ [ ®ic - 0! (R, x)} ■ 


( 2 . 1 ) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 
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a-i c* To + a 2 c % to 8 J t hiBilt 

OX ox 


+ c 2 f o - —~ + ?»w = 0 , 

OX 


(2.6) 


(2.7) 


Qa(R,*)~ <Ps O'). 


( 2 . 8 ) 


where subscripts, 1, 2, 3 refer to q, m and p, respectively, a' de¬ 
notes mass transfer in the liquid phase. The solution of this problem 
was given by A. P. Prudnikov. We cite only the general method of 
solving this problem. 

First let us consider the auxiliary problem, with the functions 
6i(/?,'t) = <p 1 (x), 0 2 (^,t)=<p 2 (t), unknown, i.e., 

= (* = 1,2), (2.9) 

are data which will be determined somewhat later. The solution of 
the auxiliary problem is now reduced to the determination of func¬ 
tions 0 ; (jc, i:),satisfying the system of equations (2.1) to (2.3), initial 
conditions (2.4), conditions of symmetry (2.5) and boundary condi¬ 
tions (2.8) and (2.9). The solution is found by simultaneous applica¬ 
tion of integral Fourier and Laplace transformations. We use the 
finite Fourier cosine transformation with respect to the variable, x. 

« 

{Mp,'0}/ f=a ^ (x,t)cos ^ n + j — xdx. (2.10) 

o 

The function 0/ (x, ~) corresponding to a given transformation 
(9i (p,'t)}/ r is determined by means of the following series: 

0; (■*. ^ =-§-Y] {°i (P, ■')}/=• cos ( « + -g-) - 5 -*. 

For the transformation of the second derivative the following formula 
is used: 


1 J* 


n + 


— (0i(p,T)} P + 

R 2 




d(h ( 0 , t) 


2 ) R 


+ (-l) 


d x 


( 2 . 11 ) 
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We also apply the Laplace transformation with respect to the 
variable x: 



(*, i) e sx d'z, 


( 2 . 12 ) 


then, 


{~ "'d*’ S) } M »{*«(*.*))*•(2.13) 

By applying the integral transformations (2.10) and (2.12) and con¬ 
sidering equations (2.11) and (2.13), initial conditions (2.14) and 
boundary conditions (2.18) and (2,19), the original problem is reduced 
to an algebraic system, whence by means of the appropriate inverse 
integral transformations we find 


6i (x, x) - ^ v h + B‘ h w h ) (i,s =1,2,3). (2.14) 

/-l 


Here, Aj st and Bj s are constants which depend on the parameters 
appearing in system of equations (2.1) to (2.3) and which are anal¬ 
ogous to the corresponding coefficients given in Section 7 of Chap¬ 
ter IV. 



x| f s (5) cos + ~ ) J e dl cos [n + y j -j x, 


(2.15) 


^=^-2 ex p 

n~ 0 




*( — 1)" x 


x ( k + t)y' p * Wcos (" + 4-)^*. 


2 ) R 

where v, e 2 are roots of the cubic equation 


2 ) R 


(2.16) 
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B » e 2 

C = e 4 


(l-e)(a 1 +a 3 )-l-^£l + Wa +a 
Ct l ^3 

a, a,(l - s) + Oa+ a i PCa — + 

Cl 

+ a i«>«'ro — 1, 

c 3 J 

D = e c a x a 2 a 3) 

e= (“ + T)i' 


It has been assumed here that coefficients of the system of differen¬ 
tial equations satisfy the following condition: 


p+ a i —-^-p 


a a Be 2 (1 —e)p + a 2 a^e 2 
0 p -|- a 3 e 2 

c a 


0. 


The symbol J. denotes the convolution operation 


f(x)lg{x) 


j f (6) g (t-W 5 = j / (< - ?) ) d t = g (t) i f (x). 


In order to simplify the following, we introduce the theta function, 
in terms of which equations (2.15) and (2.16) become the following: 


Vis 


2R, 


X V/JC 

~ 2 R~ * tf 2 J 


+ » 2 


*-|-E v/i 




W/, 


= —r—- f ' 
J 


— * 'LL i x ~ ^ 

2/? ’ P 2 


2/? P 2 . 

(7|)dt], (2.17) 
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(x, t) = 




00 


exp 


(x + rif 


(2.18) 


The unknown functions <Pa( t ) (k~ 1,2) can now be determined from 
£ 0nc * it: * 0;,:ls (2) to (6) and (2) to (7). Differentiating equation 
( .14) with respect to x t and replacing the second derivative of the 
v -function, , with respect to x by its derivative with respect to t, 
we get 


d 6 1 (x, x) 
dx 


3 

=£(4^+^) 

/-i 


(i,s= 1,2, 3), 


(2.19) 


where 


P h( x , -c) 


-Ski 


JC —E V;i 


d* L 2/? ’ i? 2 


+ 


+' 


QiA x > T ) = 


£ 4- 6 v/t 

2/3 

X 

1 




v /flJ d(x — 7j) 
0 


X 


x& 2 


v ; ( x — 


L 2 R 




( 2 . 20 ) 


From equation (2.18) it is easy to show that the derivative 
d & 3 

*• which'exists for all X + R, tends to infinity, as as 

1 _> 1 0, when *7 R and x -v r t . in order to avoid any difficulties, we 

obtained and (2 ‘ 7) by other conditions which are 

integrating them with respect to x. Instead of equations 
(2.b) and (2.7) we then get 


a i ^iKo 


dx 


dr l +-« [®u“® 1 (/?,i|)]rf»|. 


X 

(1 — e)p J q m (t\)df\ = 0. 


( 2 . 21 ) 
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+ 


Integrating (2.19) with respect to %, we find 

a0i(x,7]) 
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•c X 

+ dic 3 To | — • d71 + f q n (-ri) d Y| = o, (2.22) 


j 0 - ( ^ ,7|J 1 = 2 (4 Pis + B) s Q%) (i, s = 1,2,3), (2.23) 


where 


P% (X, x) • 


j* Ph (x,t])d v), Qft (x, t) = f Q ls (x, rOd-q. 
0 0 


Integrating equation (2.20) with respect to z and changing the 
orde^ of integration by means of the Dirichlet formula, we get 


Qh (x,T) ■ 




t p s ( r i)- 


v/K J J d(x-n) 


X 


X 


7 T 

j' t p s ('']) c M j* 


(x — T)) 


9 (x — •»!) 


tf 2 


ft. 


df) = 


yjR 


X 


/? — x v ; (t —T)_y 

2 /? ’ R 2 


<fx = 


v/i? 


^(^dTijftj 


^ — x vj (x —-n) 
2i? ’ f? 2 


i ?—X 
2 i? 


,0 


From the above it follows that at all x <C R 


Qls (X, T) • 


v/R 


•Ml) X 


X»2 


r — x v/ (r— n) 
2 R ’ i? 2 


d-r). 


(2.24) 
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By means of direct calculations it can be shown that equation (2.24) 
applies also at* = R , i.e., 


QUR.T) 



0 t JlSL =±] 

R 2 J 


dy. 


(2.25) 


This integral converges, because according to equation (2.18) the 

function tends to infinity, as T~' h when^T and T -+ 0. Forming, 

by means of equations (2.23) to (2.25), the corresponding terms in 
equations (2.21) and (2.22) and considering equation (2.9) we get a 
system of integral Volterra equations of the first kind: 


2 n 

| (U *l) ?P fa) d-q = g a (?) (a = 1, 2), (2.26) 

P-1 *6 

where the functions K a p K 7]) and ga (t) are of such a form that the 
system of equations (2.26) can be reduced to a system of generalized 
Abel equations, and the latter to the system of integral Volterra 
equations of the second kind as shown in Section 7, of Chapter IV: 

2 

< P«( T ) + 5]xapK‘»l)<pp(»l)rf'»I (a — 1, 2). (2.27) 

P~i 

The solution of this problem is obtained by finding <Pi fa) and <? 2 fa) 
from equation (2.27), and substituting them in equalities (2.24) and 
(2.17). 


3. THE EFFECT OF DIMENSIONLESS NUMBERS 
ON HIGH INTENSITY HEAT AND MASS TRANSFER 

The solutions given in Sections land 2 show that the distributions 
of dimensionless energy and mass-transfer potentials, as well as 
their rates change, are functions of a large group of dimensionless 
numbers. In addition to the dimensionless numbers noted in Sec¬ 
tion 6 of Chapter II, new dimensionless numbers affect high intensity 
heat and mass transfer. These new dimensionless numbers (Bu, Lu fl ) 
characterize macroscopic transfer. The change in the transfer 
mechanism, related to the occurrence of macroscopic mass and heat 
flow, is also reflected in the previously described group of dimen¬ 
sionless numbers. Thus, the Pn and Ko numbers, which describe 
internal heat and mass transfer, no longer completely characterize 
the distributions of some transfer potentials. 

However, the dimensionless numbers Bi ? and Bi m which describe 
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molecular heat and mass transfer on the surface, play the same role 
when there is macroscopic heat and mass transfer, as when there is 
molecular transfer alone. Low values of the Biot numbers corre¬ 
spond to incompletely developed potential fields and low rates of 
transfer of mass and energy. At values of the Biot number around 
1.0, large temperature and mass gradients appear in the material. 



f o 
T 
0,8 


0,6 


0,4 


0,2 


QO 

S 10 15 n. 20 




Fo=5,0 












2,0 






1,5 










b 

Fig. 53. The dependence of transfer potentials 
a — on Biqj b —— on Blj^. 


As a result, the redistribution of heat and mass in the body is inten¬ 
sified. At the same time, considerable stresses are developed, 
causing the material to warp and crack and promoting the forma¬ 
tion of pores. As with molecular transfer, after a quasi-stationary 
regime is reached, i.e., beginning with Fo =0.7 — 1.0, the heat 
transfer Biot number begins to affect only the thermal field (Fig. 
53a) while the mass transfer Biot number affects only the dimen¬ 
sionless mass field (Fig. 53b). 

The filtration potential pressure distribution becomes inde¬ 
pendent of both Biot numbers. The lack of influence of the Biot 
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numbers on the filtration potential, and consequently on the macro¬ 
scopic transfer, indicates that the dimensionless numbers describing 
surface heat and mass transfer are basically related to the molec¬ 
ular transfer mechanism. Examination of Figure 53 shows that the 
dimensionless mass concentration field is a weaker function of the 
Bi m number than the dimensionless temperature field is of the Bl?, 
number; this reflects the greater “inertia” of the mass transfer 
potential in comparison with the heat transfer potential at Lu<l. 
Analysis of the solutions obtained also shows that during the station¬ 
ary regime the rates i of change of the mass transfer potential and 
of the filtration potential pressure decrease linearly with increasing 

0 , and are not functions of B\ q . 

_ _ _ 

In a three-dimensional coordinate space(f, Q, P) high-intensity 
heat and mass transfer processes are described by an open (non¬ 
intersecting) curve, whose every point corresponds to a certain 
generalized time (Fo). By changing one of the dimensionless num¬ 
bers, we shift the process curve, and as it shifts it sweeps out a 
process surface which describes the dimensionless number under 
consideration. The lines of intersection of process surfaces whith 
coordinate surfaces represent the dependence of single potentials on 
a given dimensionless number when the other potentials are held 
constant. The uniqueness ofthe dependence so deduced permits us to 
draw certain conclusions about the influence of transfer potentials 
on the dimensionless numbers; on this basis the experimental and 
theoretical data can be compared. The change in the dimensionless 
numbers describing surface heat and mass transfer with increasing 
© is in good agreement with experimental results of P. D. Lebedev 
and A. F. Chizhskiy. 

The presence of macroscopic transfer in addition to molecular 
mass transfer changes the dependence of the distributions of dimen¬ 
sionless potentials on the dimensionless numbers of internal heat 
and mass transfer (Pn, Ko). Section 6 of Chapter II, which did not 
consider macroscopic transfer, showed the independence of Pn on 
the temperature field. Macroscopic transfer results in the appear¬ 
ance of a new relationship between the temperature distribution and 
the Pn number. At low values of Fo the temperature of the porous 
medium increases considerably with increasing Pn; however, this 
relationship changes with time and at values ofthe Fourier number 
greater than 2 it is reversed (Fig. 54a). The dependence of the fil¬ 
tration potential on the Pn number, together with the new relationship 
between this dimensionless number and the temperature distribution, 
shows that the Posnov number is related to both the molecular and 
the macroscopic transfer mechanisms. An analogous conclusion can 
be drawn with respect to the Kossovich number (Fig. 54b). The 
occurrence of strong macroscopic transfer produces in the first 
place a redistribution of mass; redistribution of heat, however, is a 
result of the redistribution of mass. The Posnov number describing 
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b 

Fig. 54. Dependence of transfer potentials on 
a — Pn; b — Ko. 


the internal mass transport by molecular transfer' 
the occurrence of the new mechanism muc m heat transfer 

Kossovich number. The latter describe , transfer potential 

processes. With increasing Pn the 

decreases. This shows, that during rflii of the 

amount of mass is removed from the ma first the 
Posnov number. The influence of th iougl a oted relationship 

temperature field; in this respect P and t he Biot number 

and similarity between the Kossovi . rature0 f the mate- 

is preserved. The lowering offteajWSXTgnificant effect of 
rial with increasing Ko number, and aiso the ^ should be 
Ko upon the drying rate 

designed and operated at large Ko numbertoprev 

of the material. ... intensity heat and mass 

A new dimensionless number for high intensify 

p Cp Pa This number is 


transfer is the Bulygin number, Bu 


Cg t c to 
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one of the group of dimensionless numbers describing internal heat 
and mass transfer. The Bu number, like the Kossovich number, 
describes the accumulation capacity of the body, but in contrast to 
the latter it specifies not the entire amount of heat expended for 
vaporization, but only the amount of heat expended in producing that 
fraction of vapor which takes part in the macroscopic transfer. The 



Fig. 55. Filtration potential pressure 
as a function of Bu. 


Bu number refers only to the macroscopic transfer and therefore it 
influences only the distribution of the pressure potential. It influ¬ 
ences neither the temperature nor the mass distribution. The 
dependence of the pressure potential on the Bu number is shown in 
Figure 55. The Bu number varies over a wide range. The value of 
the average pressure potential is inversely proportional to the 
Bulygin number. 

Another dimensionless quantity appearing when there is intensive 
macroscopic heat and mass transfer is the Lu p number, which 
characterizes the ratio between macroscopic mass transfer and heat 
transfer, i.e., the inertia-of the filtration potential field compared 
to that of the temperature field. In this respect the Lu p is analogous 
to the Lu number. Figure 56 shows that the Lu p number is inde¬ 
pendent of T and 0. This number ranges from several hundredths 




Fig. 57. Specific effect of dimensionless numbers on high intensity heat and mass transfer 
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in convective heating to several tens of thousands in high frequency 
heating of moist materials. In connection with the analysis of the 
dependence of heat and mass transfer on the dimensionless numbers 
of macroscopic transport we shall dwell in somewhat more detail 
on the dynamics of change of the filtration potential in general, and 
on the non-relaxing pressure excess in particular. 

During intense heating of a body of moist porous material there 
is rapid vaporization which leads to the formation of a persistent 
pressure gradient. This gradient depends on the relative magnitudes 
of the time needed for relaxation of the excess pressure through the 
skeleton of the material, and the time required for vaporization to 
re-establish the original state. Depending on the method of heating 
the body and also on the values of thermal, physical, and mechanical 
properties of the material, the distribution of the filtration potential 
can assume several forms. In any case, however, there is strong 
increase of the filtration potential during the initial stage of the 
process. With decreasing mass concentration, and with increasing©, 
the intensity of the internal vapor formation decreases and this leads 
to a decrease of the filtration potential gradient. The magnitude of 
the filtration potential and the way in which it changes depend differ¬ 
ently on different dimensionless numbers. As a first approximation, 
the specific influence of each of the dimensionless numbers can be 
evaluated from the magnitude of the changes they produce. With the 
reference value of 100 for each of the dimensionless numbers, 
Figure 57 and calculations (not shown on the figure) indicate that the 
filtration potential is primarily a function of the following dimension¬ 
less numbers: Lup, Lu and Bu. The deciding role is played here 
by the Lu number. Thus, for example, if P= 0.7268jat Lu=0.3, 
then it corresponds that P = 60.57 at Lu = 0.7, and P = 83.95 at 
Lu= 1.0. The remarkable peculiarity of the filtration potential is 
that it reacts much more strongly to changes in the magnitude of 
dimensionless numbers than do the heat and mass transfer poten¬ 
tials. This circumstance constitutes the basic difficulty in control¬ 
ling the value of P in actual processes. 

On the basis of this analysis and also by considering Figure 57 
we can propose simplified dimensionless equations for the descrip¬ 
tion of internal heat and mass transfer of high intensity. Such equa¬ 
tions are 


7W(Lu, Bi„ Ko, Pn, e, Fo), 

0 = 0 (Lu, Bi m , Ko, Pn, e, Fo), (3.1) 

P=P (Lu, Lu p , Bu, Ko, Pn, e, Fo). 

Hence experimental data on the kinetics of high-intensity heating 
of porous materials should be presented in the dimensionless forms 
suggested by equation (3.1). Depending on the circumstances of a 
given process, certain of the dimensionless numbers may be con¬ 
trolling, and the rest of them can be neglected. 
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Mi, / (*•")'' 


c d x 1 


Laplace transformation 


/ — 
0- 
x — 
6- 
/?- 


B — 


femnerature, degrees 

mass transfer potential, potential units 

time, hours 

generalized coordinate, meters 

value of the coordinate on the body surface 

thermal diffusivity, m /hr 

coefficient of potential conductivity of mass transfer, m2/hr 
thermal gradient coefficient, or Soret coefficient degrees xx 
specific heat capacity of moist body, Kcal/kg_°C 
heat capacity of the external medium 
(heat carrier) Kcal/m>i-“C 

•density of the dry portion of the moist body, kg/m3 
velocity of heat carrier in the layer, m/hr 


porosity of the layer, or relative pressure 

heat transfer coefficient, Koal/m* hr -°C 
. mass transfer coefficient km/m 4 -hr-potential unit 

■ mass transfer coefficient, related to the difference of mass 

concentration, m/hr 

■ specific heat of phase transformation, Keal/kg 
• shape factor 


7 

e ^ 

Fo == 
t.M ** 

«*«- 


iiL.il.liM’l— dimensionless temperature 

l,( J'(L )) :i:;o ,0) - dimensionless mass transfer potential 
■4*—— Fourier number 

K* 

a "' — Lukomskiy number (Loo-KUHM-skee) 

a ‘i 

r , m r «, M— heat and mass transfer numbers, 
i m " m respectively 


„ „ . eMA unn >> P. t <<')] 

Pn =Posnov number (Paw-SNAWV) (i 

(i [tt (0) »*. u t o / 10 (0) — 0 1 

Ko-Kossovich number (Kuh-SAW-veeoh) (%f " if/—7 (oft 
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Nomenclature 


e — phase transformation number 

Fe = £ Ko Pn = - Fedorov number (FYUH-duh-rawv) 

C q 

Mr = ——— Margulis number (Mahr-GOO-lees) 

vc n 7 * 
p 

Mn =s Minyovich number (Meen-YAW-veech) 


v R 

Pe = -Peclet number 

a i 

if) /?2 v jD2 

Pd = -—-- , Pd' = — — Predvoditelev number 

a i Ua - '(5.0)] % (Prehd-voh-DEE -tyeh-lehv) 

W = - ~_ y = — Dimensionless parameters of non- 

c n n. — P uniformity of initial temperature 

and mass-transfer potential dis¬ 
tributions 


We 




dimensionless 

ters 


temperature parame- 


K _ 1 ~ E Lu , K* = V — Pn 6 — complex dimensionless numbers 

6 Bi m 

3 U = .. J.. c p.£° — — Bulygin number (Boo-LIH-gheen) 

c q —« 


SUBSCRIPTS 

L — Laplace transformation symbol 
f — Fourier transformation symbol 
o — initial conditions 
c — surrounding medium 
n — surface 
u — center of the body 
p — equilibrium value 
q — heat transfer 
m — mass transfer 

j — subscript assuming two values: j =1; 2. 

TRIGONOMETRIC 

EQUIVALENTS 

tg = tan 
ctg = cot 
sh = sinh 
ch = cosh 
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